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1. Introduction

Space curves have many physical applications such as vortex filament motion,
twisted optical fiber, etc. Over the last four decades pioneering results have
spawned a huge research area exploring the connection between the motion of
space curves, surfaces and some important nonlinear equations of mathematical
physics.

Hasimoto presented the motion of a vortex filament and its relation to elas-
tica [13,14]. Lakshmanan showed the connection of the nonlinear Schrédinger
equation with the continuum Heisenberg ferromagnetic spin chain system [15].
Lakshmanan, Myrzakulov, Vijayalakshmi and Danlybaeva investigated the mo-
tion of curves, surfaces and nonlinear evolution equations in (2+1) dimensions
[16]. Langer and Perline studied the Hasimoto transformation and integrable
flows on curves [17]. Murugesh and Balakrishnan presented new connections be-
tween moving curves and soliton equations in terms of Frenet frame in Euclidean
space [19]. Munijara and Lakshmanan investigated the motion of space curves in
a three-dimensional Minkowski space [20]. Giirbliz studied three classes of curve
evolution in terms of Bishop frame in Minkowski 3-space [10]. Guha studied
the connection of moving space curves with KdV-type equations in Fuclidean
3-space [9].

A time evolution of a space curve is associated with the geometric phase.
Berry was first to study the quantum geometric phase in the adiabatic approx-
imation [6]. Later this topic was generalized by Aharonov and Anandan [1,2].
Tomita and Chiao investigated the angle of rotation of linearly polarized light in
this fiber and gave a direct measure of Berry’s phase [21]. Mostafazadeh presented
relativistic adiabatic approximation and geometric phase [18].
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Balakrishnan, Bishop and Dandoloff used Lamb’s formalism to derive the
anholonomy density and the geometric phase in terms of Frenet frame in Eu-
clidean 3-space [4]. Giirbiiz studied three formulations of curve evolution and
three geometric phases according to the Frenet frame in Minkowski space [11].
Balakrishnan discussed the first class of the curve evolution associated with the
geometric phase according to the Darboux frame in Euclidean space [3]. Giirbiiz
introduced three classes of curve evolution associated with three geometric phases
according to the Darboux frame in Minkowski 3-space [12].

This paper considers the temporal motion of the so-called Bishop frame in-
stead of the natural Frenet frame of a space curve. Basically, three transforma-
tions of the Bishop frame are given and these three transformations yield to the
nonlinear Schrédinger, the coupled KdV and the Belavin—Polyakov equations [5]
through the usual computations involving curve motions, Darboux vector formu-
lations, Heisenberg spin chain equations etc. Later the corresponding anholonomy
densities are also computed.

In this section some preliminaries will be given.

The Frenet frame {7, N, B} formulas in Euclidean 3-space are given by

or ON 0B
where k, T are the curvature and the torsion of the curve in E? [8]. The Bishop
frame is defined as a moving frame that well-defined even when the second deriva-
tive of the curve has vanished.

The Bishop frame {T, Ey, E5} formulas are given in E3 as follows [7]:

oT 0F; 0F,
—=4F E — =T, ——=
5, — SiErt &k —o af,  —
where &1, &> are the first and the second Bishop curvatures, s is the arc length
of the curve. The connection between the Frenet frame and the Bishop frame is

= —&T, (1.2)

given by

T=T, N=Ficosa+ FEycosa, B = FE;sina+ FE5cosa.

2. Anholonomy according to Bishop frame in E3

Case I. The first new frame {U;, Uz, U3} for the curve evolution associated
with the nonlinear Schrédinger equation, the coupled KdV equation and the
Belavin—Polyakov equation in terms of Bishop frame is given by

U, = By, (2.1)

(T + Z'EQ)eif&’

Uy = (2.2)

(2.3)
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The first transformation for the first case of curve evolution associated with the
nonlinear Schrodinger equation, the coupled KdV equation and the Belavin—
Polyakov equation in terms of Bishop frame in E? is given by

0= f/lieifgz.
We get
% = QU2 + QU3 + U,
% = mUz + neUs + n3U1,
aan = iUz + n3Us + 301
Also,

Wi N 00 N 00
<8taU2>_C27 < ot 7U1>_7737 <at7

From (2.8), it follows
ns=—C n3=—C.
With the aid of (2.9), we have

oy N N
ot = —n3Us — n3U3,
oUy

— = ix1U: Uj.
o1 1x1U2 + n3U1

Taking the derivatives of (2.1), (2.2), (2.3) with respect to s, we obtain

U
— = —0"Us — U5
ds 2 z
0Us
— =0U
Os 1
ous
= g*
ds U,
where ¢
g — SL—if&
ﬁe
The compatibility conditions
Uy B 0?Us
otds — 0sOt

give

ox1 ‘ .
83 7‘173 + ”73 9

U1> =(3=0.

(2.4)

(2.10)

(2.11)

(2.12)
(2.13)

(2.14)

(2.15)

(2.16)
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9 0 9B _

5 ix10 — s 0. (2.17)

The Darboux vector for the first case in terms of Bishop frame in E? is presented
as
Z) = AT — & Ey + CEs. (2.18)

By using (2.18), the derivatives of {T', F1, F5} with respect to ¢ can be written in
the form

oT
ot = Zl x T = —uE1 + §§E2, (2.19)

)
8—; = Zy x By = uT + whs, (2.20)

1)
(‘Tf = Z) X By = —&T — wEy, (2.21)

where u = —C, w = A. Moreover,
(u+iw) i f &

=———"¢ 2.22
13 NG (2.22)

satisfies (2.10) and (2.20). Taking the derivatives of (2.2) with respect to ¢ and
using (2.11) and (2.22), the following equalities are derived for the first case in
terms of Bishop frame in Euclidean 3-space

or 50
o ([ Gaen)eem
OBy _( _ [7 9% _
(2.19) and (2.23) give
&=—x1+ /S 0% ds. (2.25)
2 . Ot

From (2.25), 5 ser o
_gxa %2 %2

s Os ot
is derived. Using (2.4), (2.15), (2.16) and (2.22),

23]

= —Gw (2.26)

is obtained.

The natural Bishop frame vectors T" and FE»s rotate around E; with the angular
velocity &2(s). When moving from sy to s; along a spatial curve, a geometric
phase

Ql = /81 52(8) ds

arises between the natural Bishop frame 7', £; and the corresponding nonrotating
Bishop frame for the first case in E3.
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A geometric phase for the first case corresponding to the Bishop frame
to
Q= [ &)dt
t1

appears between the Bishop frame and the nonrotating Bishop frame along a
temporal curve for the first case in E3. As a 8 curve moves from (s,t) to (s +
As, t+At) in terms of Bishop frame in E3, the rotation angle € is given as follows:

=&o(s,t)As+ & (s + As, t)At, Qo = &5(s, )AL + Ea(s, t + At)As.

The geometric phase difference for the first case in terms of Bishop frame is

given by
985 0%
00 = AD1(s,t)AsAt = Q1 — Qo = AsAt.
AD;(s,t)As 1 9 (88 at)s
Here, AD;(s,t) = (% — %) is a measure anholonomy density for the first case
in terms of Bishop frame in Euclidean 3-space. AD;(s,t) is given by
0
ADy(s,t) = —ﬂ = qu (2.27)

The total anholonomy §2 for the first case in terms of Bishop frame is

to S to s
Q= / AD(s,t) = / Swdsdt (2.28)
—50 t1 —50

to
// <E1, OF, aaEl>dsdt
t1 —S0

The compatibility conditions

92U, 92Uy
otds — 0sot
give
851 ou
ot = wés — 95’

gw—ku& —&1 </s aai?dS—XI)

The geometric phase for the first case in terms of Bishop frame is expressed as

_[5 0 ["/0Uy 9U;
Q_Z/sOas/t; <8t7 at >d3dt

Example 2.1. The equation

OE; 0?F, B <8E1 6E1> OE

9B g« E
ot LX B T3 9s’ 0s | 0s

satisfies the coupled KDV-type equation for the first case in Euclidean 3-space.
The total anholonomy associated with the coupled-KdV equation for the first

case is given by
t2
/t; /SQ

(2.29)

ddt
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Proof. Using (2.29), we obtain

OFE 0 0 0
Sor(f8-ag)em (X ). e
From (2.30), it follows
" <8 §1 §1£2> w— <5(581§2) 3515 ) (2.31)
s
From (2.16), (2.22) and (2.31), we obtain
0?0 020~
X1s = (820* 5s2 9) : (2.32)
82
n3 = —@. (233)

Using (2.17), (2.32) and (2.33), the coupled KdV equation

90 90 289 o (1o

ot a5 210 ds

is obtained. The total phase €2 associated with the coupled KdV equation for
the first case in terms of Bishop frame using (2.28) is

t2 s to S 2
0 :/ &w :/ / 8(2152) ds dt. O
i1 —S0 i1 —S0 S

Example 2.2. The Heisenberg spin chain equation

0=0

OE, 9By
o TP X e

satisfies the nonlinear Schrodinger equation (NLS) for the first case in Euclidean
3-space. The anholonomy density associated with the NLS is

Lot 9(&7)
= 2/tl /;80 83 ds dt.

Proof. With the aid of (2.34),

(2.34)

o8 _ 2

T =661 + s E, (2.35)
is obtained. Here,

u = —flfg, w = 88681 (2.36)

From (2.16), (2.22) and (2.36), we obtain

Oxi_ 19 /.0
95~ 355 (9°). (237)
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_ i
m=""5g
Using (2.17), (2.37) and (2.38), the nonlinear Schrédinger equation

(2.38)

80 9%
—+

0%0 iy
5 1882+2|0|9 0

is obtained. From (2.27), (2.36), we obtain the anholonomy density associated
with the NLS for the first case:

AD (s, 1) = &%il. (2.39)

From (2.28), the total phase 2 associated with the NLS for the first case in terms
of Bishop frame is

to S to s 2
Q- / AD: (s, t)dsdt — - / / 9D g g1, O (2.40)
t —S0 2 t1 —S0 a

1 S

Case II. The second frame {Vi, Vs, V5} for the second case of the curve
evolution associated with the coupled KdV equation, the nonlinear Schrédinger
equation and the Belavin—Polyakov equation in Euclidean 3-space in terms of
Bishop frame is given by

Vo = (TJ:/;El)eiffl, (2.42)
Ve — LiEl)e—if&. (2.43)

V2

The second transformation of the Bishop frame associated with the coupled KAV
equation, the nonlinear Schrédinger equation and the Belavin—Polyakov equation
in E3 is expressed by

W = \%eiffl. (2.44)

The derivatives of {V1, Va, V5 } with respect to ¢ are given by

% = kVo +1Vy +mV, (2.45)
V.
= Vet gVi + A, (2.46)
Vs
Sb = Vot gV + hVAL (2.47)

If the derivatives of (2.41), (2.42) and (2.43) are taken with respect to s, we
obtain

oVi
= Uy — U 24
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oVy
— =yU 2.49
88 ¢ 1, ( )
ovy
—= =y*U 2.50
83 w 1, ( )
where ¢* = {;if&. From (2.45), (2.46), (2.47), we have
l= WV, Vo) =1l=—h, (Vo ,Vi)=h"=k=-h", (Vi;,Vi)=m=0.
(2.51)
Using (2.45), (2.46), (2.47) and (2.51), we derive
oV
— = —h"Vo — hVy 2.52
ot 2 25 ( )
% =1ix2Va + AV, (2.53)
ot
where xo is a real function. From the equality
0?Vsy B 0?Vsy
otds — Osot
we obtain
ox2 . .
== =ih™) —ih* 2.54
oY Oh .
5t 95 ipxe = 0. (2.55)

The second Darboux vector for the Bishop frame for the second case in Euclidean

3-space has the form
Z9 = AT + BE + §ikE2

By using (2.56), the temporal evolution equations can be written as

or

E = ZQ x T = —UE2 +§TE1,
OF, )
ﬁ = ZQ X E]_ = _flT— ’UEQ,
OE
8—t2=ZQ><E2:uT+uE1,

where u = B, v = —A. The quantity

h=——7r==e/t*
\TQ

(2.56)

(2.57)
(2.58)

(2.59)

(2.60)

satisfies (2.52) and (2.59). Taking the derivative of (2.42) with respect to t, the

following expressions are obtained:

oT 50
875:_UE2+</0085151dS_X2>E1’

(2.61)
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0E1 506

From (2.57) and (2.61), we obtain

5 0
—G:Xz—/ %1 s

oo Ot
o 0 04
ds ds Ot
Using (2.44), (2.54) and (2.60), we have the equation
Ox2
—= = —&w. 2.63
P §av (2.63)
The compatibility conditions
0’V B 0’y
otds  9sot
give
852 . ou
T - Nt oy

v B 3l
%"‘Ufl——@ </Ooatd5—X2>-

The natural Bishop frame vectors T and Ej rotate around Fo with the angular
velocity &1(s). When moving along a spatial curve from sy to s, a geometric
phase

A = /51(3) ds

arises between the natural Bishop frame vectors T, Fq and the corresponding
second nonrotating Bishop frame in Euclidean 3-space. The geometric phase for
the second case in terms of Bishop frame

)
Ao = [ &(t)dt
/

appears between the Bishop frame and the nonrotating Bishop frame along a
temporal curve for the first case in E3. As the 3 curve moves from (s,t) to (s +
As,t + At) according to Bishop frame in E3, the rotation angle A is given as
follows:

A =& (s, t)As + & (s + As, t)At, Ay =&l (s,t) At 4 &1 (s, t + At) As.

The geometric phase difference for the second case in terms of Bishop frame is
given by
oA = ADQ(S, t)ASAt = A1 - AQ = (fiks - flt)ASAt.



Three Anholonomy Densities According to Bishop Frame 519

The second anholonomy density for the second case in terms of Bishop frame is

SRS
0s ot

The total phase A for the second case in terms of Bishop frame is

to to
A= ADQ,st / / amd dt
t1 —50 t1 —S0

t2 t2 OF E
:/ Eovdsdt = / / <E2, 2,9 2> ds dt. (2.64)
t1 —S0 t1 —5s0 ot

Example 2.3. The Heisenberg spin chain equation

ADs(s,t) =

%*E X82E2
ot 2" ps2

(2.65)

satisfies the nonlinear Schrédinger equation for the second case in E3. Using
(2.64), the total phase A is given by

to to f
A= / ADs(s,t)dsdt = —= / / —>27 s dt. (2.66)
t1 —50 t1 —50

Proof. From (2.65), we obtain

0E; 0%
— =—-——F T. 2.67
5 9, L1t 162 (2.67)
Here,
u=66,  v=- o2, (2.69)
From (2.60), (2.63), and (2.68), we get
0y
=1— 2.
h=1 s (2.69)
Oxa _ 10(1vf)
== . 2.
0s 2 0Os (2:70)
From (2.55), the nonlinear Schrédinger equation
o 0 ilPe
ot s 2
is obtained. The anholonomy density is found as
0
ADs(5,1) = 6222 (2.71)

The geometric phase associated with the N LS for the second case has the form

to s 2
1 / / 0(&3) ds dt. O
2 Jy, Jos 0s
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Example 2.4. The equation
OF> PEy <8E2 8E2> OF,

ar  BrxBax ot ot /| ot (2.72)

Ot 0s?

satisfies the coupled KDV-type equation for the second case in terms of Bishop
frame in Euclidean 3-space. The geometric phase is

A:/tQ/S @dsdt.
4 Josy Os

Proof. With the aid of (2.72),

oAy (0% 0&2 &1
G = (5 —ge)Tem (250 Gle 273)
is obtained. From (2.73), we get
d%& 082 061
u=(55 &),  wv= 25 6+ 5 8) (2.74)
Using (2.54) , (2.60) and (2.74), we have
0%
h — _@7 (2'75)
Ox2 . 0% PP,
Using (2.55), (2.75) and (2.76), the coupled KdV equation
o %y 200 (W), _
A R S

is obtained. The anholonomy density associated with the coupled KdV equation
of the curve evolution according to the Bishop frame for the second case is given
by

o 2
ADy(s,t) = & = (%2551). (2.77)
The total phase A associated with the coupled KdV equation for the Bishop frame
using (2.28) is
to s 8 2
A= / / @ ds dt. O
t J—so 0s
Example 2.5. The antiferromagnetic chain equation
0Fs OFs
—= =—Fyx —= 2.78
ot 2% 95 (2.78)

satisfies the Belavin—Polyakov equation for the second case in terms of Bishop
frame in Euclidean 3-space. The geometric phase is obtained as A =

t s
2 [, Edsdt.



Three Anholonomy Densities According to Bishop Frame 021

Proof. From (2.78), we obtain
OF,

— =&6F.
5 — 2k
Using (2.54) and (2.60), we derive
Ix2 .

From (2.55) and (2.79), the Belavin—Polyakov equation

is obtained for the second case in terms of Bishop frame in Euclidean 3-space.
The second anholonomy density is found as

ADs(s,t) = £3. (2.80)
From (2.80), the geometric phase for the second case is obtained:
to s
A= / €2 ds dt. O
t1 —S0
Case III. The third frame {W;, Wy, W5} associated with the nonlinear

Schrodinger equation, the coupled KdV equation and the Belavin—Polyakov equa-
tion in terms of Bishop frame is given by

Wy =T, (2.81)
W, = Bitiks (2.82)
V2
Ei —iE
Wy = L2 (2.83)

V2
The third transformation A is introduced as
§1 +i&
ol
Taking the derivatives of (2.81), (2.82) and (2.83) with respect to s, we have

A=

owWs
= \* N
85 WQ W27
oWy
=
Os W1,
oWy
= - \"W.
0s !

Here \* = 51:/%&. Take the derivatives of Wy, Wy and Wy with respect to t to
get:
oW,

BN = Wi 4+ uaWso + M3W2*, (2.84)
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oW, )
87752 = 11 Wa + Wy + Wi, (2.85)
aW* * * * *

8t2 =1 Wa + Wy +v3Wh. (2.86)

From (2.84) and (2.85), we obtain
p =0, y=0, pg=-—73, p2=—". (2.87)

Using (2.87), the time evolution of {W1, Wy, W5} can be written in the form

ow; . .
7(%1 =Ti = =3 Wa — Wy, (2.88)
10)i% .
76162 = 73W1 + ix3Wa. (2'89)
The compatibility conditions
0*Wy B 0*W
otds — 0sot’
0?Wy _ 0*Wo
otds — 0sot
give
OX3 _ - \s oy s
s Y3A" — 1Az, (2.90)
8)\ . (9’)/3
haAR 2. 2.91
D iAxs + s 0 (2.91)

The Darboux vector for the third case of the curve evolution in terms of Bishop
frame is defined as follows:

Z3 = §§T + BE, + CEs. (2.92)

With the aid of (2.92), we have

ow
87; = (&T + BE, + CEy) x T = vE) + wEs, (2.93)
oW,
= —oT — v E 2.94
ot v X3L.2, ( )
Wi _ —wT + x3k1, (2.95)
ot
where —B = w, v = C and the quantity
(v +iw)
=" 2.96
3 7 (2.96)
satisfies (2.88) and (2.93). From (2.90) and (2.96), we have
Ix3 IOx1 , Ixe
= — = — . 2.
T2 I PR (2:97)
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The anholonomy density ADj3 for the third case is given in terms of Bishop frame

as
ADj3(s,t) = —véa + &1w = ((§15 — &35) — (§1t — &2t))
= —.ADQ(S,t) + .ADl(S,t).

The total phase P for the third case in terms of Bishop frame is expressed as

8T> dsdt.  (2.98)

to S0 to s 8T
P:/ / &Lw — v€ dsdt:/ / <T,><
t1 —50( ' 2) t1 —so Js ot

Example 2.6. The ferromagnetic chain equation

or o0*T
—=-Tx — 2.99
ot 0s? (2:99)
satisfies the nonlinear Schrodinger equation for the third case of the curve evo-
lution according to Bishop frame in Euclidean 3-space. The geometric phase

is
to s 2 2
le/ / O+ &) o gy,
2 Jy, Jos 0s
Proof. From (2.99), we have
92 &
=52 = 5L 2.1
v s W= (2.100)

With the aid of (2.90), (2.96) and (2.100), the following expressions are obtained:

oxs [ 0& &
B = (88 &+ Bs §1> , (2.101)
O

From (2.91), (2.100), (2.101), (2.102), the nonlinear Schrédinger equation
ox iPX iPA
ot 0s? 2

is obtained. The third anholonomy density is derived as

ADs(s,1) = (8;;52 + %5;§1> |

The geometric phase is obtained as follows:

to s 2 2
P = 1/ / M ds dt. n
2 Jy, Jos 0s
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Tpwu HeroJsiIoromMHi HIiJIBHOCTI BigHOCHO perniepa Bimona y
TPUBUMIPHOMY €BKJIi/JOBOMY ITPOCTOPI
Nevin Giirbiiz
Y crarTi MU OEpKYEMO TPHU HErOJOTOMHI IIJIBHOCTI 3a JIOMTOMOTOIO
TPBHOX MIEPETBOPEHD periepa bBirmmorna y TpuBUMipHOMY €BKJIiIOBOMY ITPOCTOPI.
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