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Natural Ricci Solitons on Tangent and Unit
Tangent Bundles
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Considering pseudo-Riemannian g-natural metrics on tangent bundles,
we prove that the condition of being Ricci soliton is hereditary in the sense
that a Ricci soliton structure on the tangent bundle gives rise to a Ricci
soliton structure on the base manifold. Restricting ourselves to some class
of pseudo-Riemannian g-natural metrics, we show that the tangent bundle
is a Ricci soliton if and only if the base manifold is flat and the potential
vector field is a complete lift of a conformal vector field. We give then
a classification of conformal vector fields on the tangent bundle of a flat
Riemannian manifold equipped with these g-natural metrics. When unit
tangent bundles over a constant curvature Riemannian manifold are endowed
with pseudo-Riemannian Kaluza—Klein type metric, we give a classification
of Ricci soliton structures whose potential vector fields are fiber-preserving,
inferring the existence of some of them which are non Einstein.
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1. Introduction

Let M be a smooth manifold of dimension n > 2. A Ricci soliton on M is a
triple (g, V, \), where g is a pseudo-Riemannian metric on M, Ric the associated
Ricci tensor, V' a vector field (called the potential vector field) and A a real
constant, satisfying the equation

1
Ric + §£Vg = Ay, (1.1)

L being the Lie derivative. If there is a C°°-function on M such that Ric +
V2f = Mg for some real constant A, then (M, g) is said gradient Ricci soliton,
where V is the Levi-Civita connection of (M, g). A Ricci soliton is said to be
either shrinking, steady, or expanding, according on whether X is negative, zero,
or positive, respectively. Ricci solitons are a natural generalization of Einstein
manifolds (an Einstein metric, together with a Killing vector field V, is a trivial
Ricci soliton). Furthermore, they are the self-similar solutions to the Ricci flow.

© Mohamed Tahar Kadaoui Abbassi and Noura Amri, 2021


https://doi.org/10.15407/mag17.01.003

4 Mohamed Tahar Kadaoui Abbassi and Noura Amri

Ricci solitons have been intensively studied in many contexts and from many
points of view (we may refer to [16, 17] for details on the geometry of Ricci
solitons). We are interested, in this paper, in the study of Ricci soliton structures
in the framework of the geometry of tangent bundles. Indeed, Metrics on tangent
and unit tangent sphere bundles have been an important source of examples
in Differential Geometry. In particular, g-natural metrics, which generalize the
Sasaki metric and still arise in a natural way from the metric of the base manifold,
have been intensively studied during the last decades. Unlike the Sasaki metric
which shows a very rigid behaviour, the large class of g-natural metrics provides
examples for several different interesting geometric properties (cf. [3,5,7-9,12,14,
15,21] and references therein).

In [2], the authors treated the problem of finding Ricci soliton structures
on the unit tangent bundle of a Riemannian manifold, endowed with a pseudo-
Riemannian Kaluza—Klein type metric, which is an interesting subclass of the
class of g-natural metrics that shares with the Sasaki metric the property of
preserving the orthogonality of horizontal and vertical distributions. They ob-
tain a rigidity result in dimension three, showing that there are no nontrivial
Ricci solitons among g-natural metrics of Kaluza—Klein type on the unit tangent
sphere bundle of any Riemannian surface. On the other hand, they proved that,
while Ricci solitons determined by tangential lifts remain trivial (i.e., an Einstein
manifold) in arbitrary dimension, horizontal lifts of vector fields related to the
geometry of flat base manifold (namely, homothetic vector fields) produce non-
trivial Ricci solitons metrics of Kaluza—Klein type. They also gave a complete
characterization of Gradient Ricci solitons of Kaluza—Klein type.

In this paper, we are interested in natural Ricci soliton structures on tangent
and unit tangent bundles of Riemannian manifolds, i.e,. those associated with
pseudo-Riemannian g-natural metrics. Our purpose is twofold. On one hand,
we investigate natural Ricci soliton structures on tangent bundles of Riemannian
manifolds. We prove that every natural Ricci soliton structure on the tangent
bundle gives rise to a Ricci soliton structure on the base manifold, confirming
the “heridity” phenomenon of g-natural metrics (cf. [9]). Restricting ourselves
g-natural metrics which are linear combinations of the three classical lifts (Sasaki,
horizontal and vertical) of the base metric with constant coefficients, we give a
complete characterization of Ricci soliton structures on the tangent bundle. We
prove, in particular, that the existence of such structures requires the flatness of
the base manifold, which constitutes a kind of rigidity of such metrics. Further-
more, this ensures the existence of non-trivial natural Ricci soliton structures on
the tangent bundle of a Riemannian manifold.

On the other hand, we are looking for nontrivial natural Ricci solitons struc-
tures on the unit tangent bundle when the base manifold is of constant sectional
curvature which is not necessarily zero. In this sense, we prove that the complete
lift to the unit tangent bundle of a non-zero homothetic vector field on the base
manifold is the potential vector field of a non trivial Ricci soliton structure on the
unit tangent bundle endowed with an appropriately chosen pseudo-Riemannian
Kaluza—Klein type metric. Furthermore, we shall give a complete classification of
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fiber-preserving vector fields on the unit tangent bundle which are the potential
vector fields of Ricci soliton structures on the unit tangent bundle endowed with
a pseudo-Riemannian Kaluza—Klein type metric.

Finally, it is worth mentioning that the existence of natural Ricci soliton
structures either on tangent bundles (Theorems 4.1 and 4.4) or on unit tangent
bundles (Theorem 5.4) requires the existence of non-zero homothetic vector fields
on the base manifold, which could presuppose some topological restrictions to the
base manifold.

Hereafter, we will use the Einstein’ summation convention.

2. Preliminaries

2.1. Basic formulas on tangent bundles. Let (), g) be an n-dimensional
Riemannian manifold and V the Levi-Civita connection of g. We shall denote by
M, the tangent space of M at a point x € M. The tangent space of TM at any
point (x,u) € T'M splits into the horizontal and vertical subspaces with respect
to V:

(z,u)

For (z,u) € TM and X € M,, there exists a unique vector X" ¢ Hg ) such
that p, X" = X, where p : TM — M is the natural projection. We call X" the
horizontal lift of X to the point (x,u) € TM. The vertical lift of a vector X €
My to (x,u) € TM is the vector XV € V|, such that X" (df) = X[ for all
functions f on M. Here we consider 1-forms df on M as functions on T'M (i.e.,
(df) (. u) = uf).

Observe that the map X — X" is an isomorphism between the vector spaces
M, and H(;,). Similarly, the map X — X" is an isomorphism between the
vector spaces M, and V(). Obviously, each tangent vector Z e (TM )(%u) can

be written in the form Z = X" + Y, where X,Y € M, are uniquely determined
vectors.

Horizontal and vertical lifts of vector fields on M are defined in a correspond-
ing way. Each system of local coordinates {(U; rhi=1,... ,n)} in M induces
on TM a system of local coordinates {(gf1 (U) ;b utyi=1,... ,n)} Let X =
> X! (82,-)90 be the local expression in {(U; hi=1,... ,n)} of a vector X in
My, x € M. Then, the horizontal lift X" and the vertical lift XV of X to (z,u) €
TM are given, with respect to the induced coordinates, by:

. S B
xXh=\"xt ( > YR < ) (2.1)
Z () Z jk out (z.0)

0
ozt

and

0
ou?

X =) X ( )(M) , (2.2)

where (F;k) denote the Christoffel’s symbols of g.
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Let K : TTM — TM be the connection map corresponding to the Levi-
Civita connection V of (M, g). Note that K is characterized by K (X") = 0 and
K((X")=Xforall X € TM.

The canonical vertical vector field U on T'M is defined, in terms of local co-
ordinates, by U = >, u'd/ Ou'. Here U does not depend on the choice of local co-
ordinates and is defined globally on TM. For a vector u =Y, u’ (8/ 8xi)z € M,,

v i i\Y i i\h
we see that uf, = > ut (8/0x") ) = U,y and u?w,u) = >, u' (8/0x")

(z,u (z,u)

(which is also known as the geodesic vector field).
There are three other interesting vector fields on the tangent bundle obtained
by lifting operations of geometric objects on M: for any vector field X and a
(1,1)-tensor field P on M, we define the vector fields X€¢, «P and *P on T'M, by

c _ h v

Xy = Xy + (VaX) 0 -
([’P)(z,u) = [P (u)}/gx,u)’
(*P)(gc,u) =[P (u)}?xu)

for all (z,u) € TM. X¢is called the complete lift of X. It is easy to see that
X¢= X"+, (VX).
The Riemannian curvature R of g is defined by

R(X,Y)=[Vx,Vy] = Vixy. (2.3)

2.2. g-natural metrics on tangent bundles. There are three distin-
guished constructions of metrics on the tangent bundle 7'M

(a) the Sasaki metric ¢g° is defined by
s h yh) _ s h yv) _
G (X Y ) =g (X,Y), G (X Y ) =0,
s v h\ _ s v (AN
Gl (XWY") =0, Gy (X7,77) = g (X,Y)
for all X,Y € M,;

(b) the horizontal lift g" of g is a pseudo-Riemannian metric on 7'M, given by
g?ﬁb,u) <Xh7 Yh> = 07 g?x’u) (Xh, YU> = g (X’ Y) ,
g?ﬂ?,u) <Xv7 Yh) = g (Xa Y) 9 g&’u) (XD, YU> = O
for all XY € M,;

(c) the vertical lift g¥ of g is a degenerate metric on T'M, given by

Gy (X1 V") =g (X, V), Gl (X" Y7) =0,
Glrw (X7 Y") =0, Gl (X Y") =0

for all X,Y € M,.
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Starting from a Riemannian manifold (M, g), a natural construction leads to
introduce a wide class of metrics, called g-natural, on the tangent bundle T M
[19], [20]. Such metrics are the image of g under first order natural operators
D: SiT* ~ (S2T *) T, which transform Riemannian metrics on manifolds into
metrics on their tangent bundles, where S_%_T* and S?T* denote the bundle func-
tors of all Riemannian metrics and all symmetric (0, 2)-tensors over n-manifolds
respectively.

Given an arbitrary g-natural metric G on the tangent bundle T'M of a Rie-
mannian manifold (M, g), there exist six smooth functions «;, 8; : RT - R, i =
1,2, 3, such that (see [9])

G(x’u) (Xh,Yh) = (041 + ag) (7“2) 9z (X, Y)
+ (ﬁl + ﬁ3) (7‘2) Iz (Xa ’LL) Iz (}/a u) )
Clon) (Xh,Y”) = Glom (X”, Yh> (2.4)

for every u, X, Y € M, where r?> = g, (u,u). Put

¢i (1) = o () +6: (1), a(t) = an () (1 +as) (1) — a3 (1),
¢ (t) = 1 (1) (61 + ¢3) (t) — 63 (¢)
for all t € RT. It it easily seen that G is

e  non-degenerate if and only if

a(t) #0, o(t) #0 for all t € RT;

e  Riemannian if and only if

ap (t) >0, o1 (t) >0, a(t) >0, o(t) >0 for all t € RT.

The wide class of g-natural metrics includes several well known metrics (Rie-
mannian and not) on 7M. In particular:

e the Sasaki metric gg is obtained for a; =1 and ap = a3 = 1 = B2 = f3 =
0;

e  Kaluza—Klein metrics, as commonly defined on principal bundles (see, e.
g., [23]), are obtained for ap = 2 = 1 + B3 = 0;

e  metrics of Kaluza—Klein type are defined by the geometric condition of or-
thogonality between horizontal and vertical distributions [13,15]. Thus, a
g-natural metric G is of Kaluza—Klein type if ag = B3 = 0.
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2.3. g-natural metrics on unit tangent bundles. The unit tangent
bundle over a Riemannian manifold (M, g) is the hypersurface of T'M, given by

ThM = {(z,u) € TM | g5 (u,u) = 1}.

We will denote by py : T1M — M the bundle projection. The tangent space of
T M at a point (x,u) € Ty M is given by

(M), = {X"+Y"/X € My, Y € {u}" C M,}. (2.5)

By definition, g-natural metrics on the unit tangent bundle are the metrics
induced on the hypersurface T1 M by corresponding g-natural metrics on T M.
As proved in [7] for the Riemannian case, and extended to pseudo-Riemannian
settings in [12], they are completely determined by the values of the four real
constants

a:=a1(l), b:=a(l), c=a3(l), d:=(L+p0s) (1)
and admit the following explicit description.

Theorem 2.1 ([7]). Let (M, g) be a Riemannian manifold. For every pseudo-

Riemannian metric G on T1M induced from a g-natural metric G on T M, there
exist four constants a, b, ¢ and d, satisfying the inequalities

a#0, a:=ala+c)—b*#0, p:=a+c+d#0

(in particular, they are Riemannian if a,a, ¢ > 0), such that

Gray (XP,XE) = (a+ ) g2 (X1, Xs) + dge (X1, 0) g0 (Xa,0),

Gay (XI YY) = bge (X1, 11), (2.6)
é(:m) (Ylv, Y2U) = ag, (Y1,Y2)

for all (x,u) € TIM, X1, Xo € M, and Y1, Y € {u}* C M,.

In particular, the Sasaki metric on Ty M corresponds to the case where a = 1
and b = ¢ = d = 0; Kaluza—Klein metrics are obtained when b = d = 0; metrics
of Kaluza—Klein type are given by the case b = 0. In the remaining part of the
paper, we shall restrict ourselves to the latter type of g-natural metrics on T3 M.

Since G must be nondegenerate, throughout the paper we implicitly assume
that inequalities a # 0, a + ¢ # 0 and ¢ := a+ ¢+ d # 0 hold (they are exactly
the special case of inequalities from Theorem 2.1 for b = 0).

For any vector field Z on T'M, we define its tangential component ¢{Z} at
points of ' M, by t{Z} := Z|r,pr — G (Z|1ym, N) N, obtaining a vector field on
T1M. When Z is the horizontal, the vertical or the complete lift of a vector field
X on M or the vector field ¢P for a (1,1)-tensor field P on M, then we obtain,
respectively, the following special vector fields on 77 M:
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the horizontal lift to TyM of X, denoted also X", and given by X" :=
X" 7,01, since X" is orthogonal to N everywhere on 17 M;

the tangential lift X' with respect to G of X, defined as the tangential
component vector field of the vertical lift XV of X, that is,

b
X(tm,u) = [X = g2 (u, X) u](, ) + ;gw (u, X) u’(l%u) (2.7)
for all (z,u) € TYM. If X, € M, is orthogonal to u, then X! . = X3

(z,u)

the complete lift to Ty M of X, denoted by X¢, is given by

X

T,u

)= KXoy + (VuX) (o) (2:8)
for all (z,u) € Ty M. It is worth mentioning that the complete lift X¢ on
T M, restricted to Ty M, coincides with X ¢ if and only if X is a Killing vector
field on M;

the vector field 7P on T7 M, given by

for all (z,u) € Ty M.

We will make use of the following relations, which are easy to check:

X" (fop1) =X (f)opi, (2.10)
X' (fop) =0, (2.11)
X&7u) (g (Y7 )) =4g (vaY7 u) (2.12)

(2.13)

X%a:,u) (g (Yv )) =g (Xa:,Ym) -9 (anu) g (Yxau)

for all X,Y € X (M), f € C*° (M) and (x,u) € T1 M.

Convention 2.2. Because ufm W = 0 for (z,u) € Th'M, which means that

the tangent space (T1M), ) coincides with the set

{Xh FYYX € M,,Y € {u}t C Mx} , (2.14)

the operation of tangential lift from M, to a point (z,u) € T'M will be always
applied only to vectors of M, which are orthogonal to u.

Assuming that (M, g) is of constant curvature « for a g-natural metric G of

Kaluza—Klein type, the following formulas are deduced from the expressions of
the Levi-Civita connection of (TlM , é) given in [6]:
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Proposition 2.3. If (M, g) is a Riemannian manifold of constant sectional
curvature Kk and G is a pseudo-Riemannian g-natural metric of Kaluza—Klein type

on TYM, then the Levi-Civita connection v of (TlM, CNJ) is given by
(% th) :{ny}h + L
X (z,u) () 2a
+(aw — d) g (Xo,u) Yo}y »

= d—ak 1
t _ _
(Fxv) {50 (e e 5 | o+ ) (XY,
d(ak +d—2p) h '
P X g O] u) TV

= d—ak 1
h —
(Vx¥") = {2 ot a? Vo) Xo + {((m +d) g (Xe, Ya)

{— (ak +d) g (Yy,u) X,

2¢

d(ak +d — 2¢) h
SO, (g (| af

(u)
(Vav!) == o (Vo) Xay

(zu)
forallx € M, (z,u) € T'M and all arbitrary vector fields X, Y € X (M).
Using Proposition 2.3, we can prove the following lemma.
Lemma 2.4. For all§ € X (M), (z,u) € TM and X,Y € T, M, we have
(aG), (X"¥") =dla (& X) g (Vo) + (&) g (X.0)

=29 (s u) g (X, u) g (Y, u)},
(caG),  (X"¥") =alg(VxEY) - g (Vo) g (Vx€.u)}

(L) oy (XEYY) = =209 (60,0) {9 (X,Y) = g (X, w) g (Vo)
Lemma 2.5. For all§ € X (M), (z,u) € TM and X,Y € T, M, we have

(cen@)  (X"Y") = (at ) {o(TxE V) + 9 (Vv X)),
+d{g (Vx&u) g (Y,u) + 9 (Vy&u) g (X, u)},
(cer@),,, (X"Y") = anlg (€ Y) g (X,0) = g (€, g (X,V)),

(£en) by (XY =0

Next, the Ricci tensor Ric of (TlM ) é) is given by the following.
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Proposition 2.6 ([8]). If (M,g) is a space of constant sectional curvature K
and G is a pseudo-Riemannian g-natural metric of Kaluza—Klein type on T1 M,

then the Ricci tensor Ric of <T1M, C~§'> s given by

ﬁ\ig(%u) (Xh, Yh) -1 [—azlﬁIQ +2(n—1)apr +d(d—2¢)] g(X,Y)

2ap

+ W[cﬂ((n2)<p+d)/<2+d(2n(a+c)g0

+(n—1)dcp—d(a+c))]g(X,u)g(Y,u), (2.15)
Ric(g) (Xh,Yt) —0, (2.16)
Ric(, ) (X4 YY) = M [a®k*+2(n—2)(a+c)p—d°] g(X,Y)

(2.17)

for all x € M, (z,u) € T'M and all arbitrary vectors X, Y € M, satisfying
Convention 2.2.

3. Natural Ricci solitons on tangent bundles

Theorem 3.1. Let (M, g) be a Riemannian manifold of dimension n > 3
and G be a pseudo-Riemannian g-natural metric on T M whose furzctions o, Bi
i =1,2,3 satisfy a1 (0) (aq + a3) (0) — 203 (0) # 0. If (TM,G,Z,)\) is a Ricci
Soliton, then (M, g, Zy, \) is a Ricci soliton with

a (0)
[ (1 + as) — 2a3] (0)
(041 + 043) [)\a + 01+ 085+n (051 + 043)/]
ag (a1 + az) — QOz%

Zy (z) = {(ct1 + a3) (0)dm (Z(x,0)) + a2(0) K (Z(x,0))};

A\ =

(0) Y

where K is the connection map.

Proof. Fix x € M and let (E1,..., E,) be an orthonormal basis of (M, g;).
We will distinguish two cases:
Case 1: (ag + a3) (0) # 0. If we put

1

F; = E! (z,0),
Vi@ ta) O
1
Fin = |2 (0) B (2,0) = (a1 + a3) (0) B} (x,0)
T Ve 0) (o1 +a3) (0)] Z
i =1,...,n, then we obtain an orthonormal basis {F7,..., Fy,} of the tangent

space ((TM)(%O) ,G(z’o)). If we put e; := G (Fr,Fy), I = 1,...,2n, then the
Ricci curvature of (T'M, G) at (z,0) is then given by

2n
ﬁ(%o) (V, W) = Z €[G(x70) (R (V, FI) F[, W)
I=1
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for every V,W € (T M), o)-
Taking V = X" and W = Y" for X,Y € M,, then simple calculation gives

Riceo) ( X" Yh) _ a%O) i {al (0) Gap) (R (Xh, E,h) El, Yh)
+ (a1 + ag) (0) Gy (R (X" BY) B7 YY)
— az (0) [G(w) (R (Xh, Ef) B, Yh)
+ Gla) (R (Xh, E;’) B, Y")] } . (3.1)

But, restricting the Riemannian curvature R of (T'M,G) to the zero section
(cf. [9, Proposition 3.1]), we obtain

Gog) (R (X" BP) ELYM) = 02 (0) g (R(X, B) Ei,Y),
Gao) (B (X" EY) EE YY) = 02 (0) g (R (X, E) B, Y),
Gregy (B (X" BY) B Y") = = (a1 +ag) (0) g (X.Y)
= (B1+83) (0) g (X, E) g (Y, Ey).

Replacing from the last identities into (3.1), we deduce that

m(%o) (Xh, Yh) — O[z()) Z { [041 (041 + a3) — 204%] (0) g (R (X, Ez) E;, Y)
i=1
- (al + a3 (0) [(01 +a3) (0)g(X,Y)
+ (B1+53)(0) g (X, Ei) g (Y, E)] } -

Since (E1,..., Ey) is an orthonormal basis of (My, gz), we deduce that

Ric(y.0) (Xh, Yh> [((a1 + @3) — 202) (0) Ric (X, Y)

( )
— (a1 + a3) (0) (81 + B3) ( (3.2)
+n(ag +a3) (0)) g (X, Y)}

Now, if (TM , G, Z, 5\) is a Ricci Soliton, then we have in particular:
Ric(y) (X", Yh) 5 (£2G) () (X"7") = XGag) (X"Y") . (3.4)

Expressing Z, in an induced local system (p_1 U) ;a8 utyi=1,..., n) of TM,
as Z = > 1, [Al 8, + Bl ], and restricting the Levi-Civita connection V of
(TM,G) to the zero sectlon (cf. [9, Proposition 1.5]) , we obtain

(‘CZG)(x,O) (Xh, Yh> = G(m’o) (Xh, ?YhZ) + G(%O) (Yh, ?XhZ)
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= (1 +03) ) |9 (X7 (4 (2,0)) 2
oxl |,
l
( (A ) 83:1 >
! 0
+A (2,0) (g | X, Vy +9|Y,Vx—
Ozt
0
toa(0)lg (X ’ ) ol )
L
(Y,X (8 ) o )
B0 (g(x.9v-L) 1 (v.ivx2))]. 35
8xl T Ol S

Setting, for every x € U,

0
W (z) = {(al + az) (0) A (2,0) + a2 (0) B! (=, 0)} 3|
then W is a vector field on U, and (3.5) becomes
(£2G) ) (X" Y") = (Lwg), (X.Y). (3.6)

Substituting from (3.2) and (3.6) into (3.4), we deduce, under

(a1 (a1 + a3) — 2a3) (0) # 0,

that 1
Ric (Xv Y) + §£Zog (Xa Y) = Ay (X, Y)

for every X,Y € M., where

a(0)
(041 (a1 +a3z) — 204%) (0)

Zy =

and _ ,
(o1 + ag) [Aa+ B + B3 +n (o + a3)]

0).
a1 (1 + ag) — 203 ©)
Case 2: (a1 + a3) (0) = 0. In this case as (0) # 0. We put

A:

1 1
F:i[Eh+E?J}, and F, -zi{Eh—E?’},
Ve L ARV O TR
, = 1,...,n. As in the first case, {Fr;I = 1,...,2n} is an orthonormal basis of

i
((TM)(%O) 7G(:v,0))7 and in a similar way we obtain

Ric(r0) <Xh, Yh> — 2Ric(X,Y),



14 Mohamed Tahar Kadaoui Abbassi and Noura Amri

and then Ric (X,Y) + %Ezég (X,Y) =0 for any x € M and X, Y € M,, where
Zh (z) = —a2(0) B (z,0) % o 1-e. (TM,G,Z,0) is a Ricci Soliton. Remark
that, for (a1 + as3) (0) = 0, we obtain A = 0 and Zy = Zj;. This completes our
proof. O

Corollary 3.2. Let (M,g) be a Riemannian manifold of dimension n > 3
and G be a pseudo-Riemannian g-natural metric on T M whose functions «;, 3;
i =1,2,3 satisfy o (0) (a1 + a3) (0) —2a3 (0) # 0. If (TM, G, f,\) is a gradient
type Ricci soliton, then (M, g, f,\) is a gradient type Ricci soliton with

_ a (0) fx or all ;
F) = 0 (@ Tas) (0) 203 (o)) (B0) Joratlw €A
\_ (o1 +03) Mt Bi+ s +n (a1 +as)] ).

ay (a1 + az) — 202

4. g-natural metrics of the form ag® + bg" + cg”

Theorem 4.1. Let (M,g) be a Riemannian manifold of dimension n > 2,
G = ag® + bg" + cg" such that a # 0, a+c¢ # 0 and a(a+c) —b?#£0, Z be a
vector field on TM and A € R. Then (TM, G, Z, )\) is a Ricci Soliton if and only
if
L. (M,g) flat;
2. Z is a homothetic vector field on (TM,G), with homothety factor X.

Proof. Let (TM, G, Z, 5\) be a Ricci Soliton. For x in M, let (xl, e ,x”)
be a normal coordinate system at x, and (77_1 U),z, ... 2" ul ... ,u”) be its
induced coordinate system on TM. With respect to these induced coordinates,
Z can be expressed as Z = > ', [Al o 4 Bl%]. We have in particular

ol
— (0 0 1 o 0 < o 0
Ric | —, =— —(L7G) | =—,=— | =AG | —, — 4.1
1C<8u1’8u9>+2( z )<8u“8uﬂ> <8u”6u3> (41)
for i,7 = 1,...,n. Using the expression of the Levi-Civita connection (cf. [10,
p.32]) and the fact that (:L'l, - x”) is normal at x, we have

o 9 o — 9 -
(,CZG)(LU) <(‘9ui7 au]) = G(m,u) (W’vaijz> + G(:v,u) (W’vaiiz>

-9 (A" + Bi)+zn:AlG 23, (2 '
0 |y ¢ £\ guir Y g \ 0al
) " B o \"
J J l -
0 ) 0 .
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for all (x,u) € M. On the other hand, using [10, Proposition 3.1] and the fact

that (xl, ... ,x”) is normal at x, we have
= 0 0 0 0
ficta (aw auﬂ) 402 Zg ( ( ) aat |, " (“ da ) dal ) ‘
So we get
9 (bA’ + aB') + 0 (bA7 + aB?)
8U] (17,“) aUZ (x’u)
< ot & 0 0 0 0
== 2 i T o s A~ o - 5 s - . 42
{)\a5] 102 ;g <R (u e x) ot |, R<u B x) B m)} (4.2)

Let us define the functions D;, i =1,...,n, on M, by

207 i i i
Di:?[)\au —(bA +aB)].

9

So (4.2) reduces to

= g g (R (u, —8.
ox*
(Tu) =1

wherei,j =1,...,n.
For ¢ = 7, we get

oD;
oul

oD;
ou’

0
,R(U, @

B
— 4,
. ) e x) (4.3)

n

0D; 1 0
ou’ (x,u)_;2g (R (u, O ) ( >8xl )
¢ o] o B o1 0 9
21257;#““4 (5| 5 )a Rl aml ) ol )
Hence
DzzlzZusutuT
=1 s#i
tF#i,r
) P P a1 8 5
X‘(](R(@wsx’é’ﬂﬂ“gﬁ)aﬂI’R(aaﬂx’W) ozl >+f“

with f; is a C* function on M, which does not depend on u’.
For i # j, deriving equation (4.3) twice with respect to u; and u; and summing
up, we obtain

0" (oD & (9D,
02wl \ out 0%ut \ Ouwl
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0 0 5] 0

- o\ o = o a\ o
— 8:5’ 827 ) oz Oz’ 0xJ ) Ox
Hence the Riemannian curvature R is zero, i.e. (M,g) is flat. We deduce that

=1
(TM,G) is flat and Z is a homothetic vector field, with homothety factor .
The converse is easy to prove. O

which gives

)

Remark 4.2. Note that for a Riemannian g-natural metric of the form G =
ag® + bg" 4+ cg¥ on TM, the flatness of (M, g) is equivalent to that of (TM,G)
(cf. [10, Theorem 1.4]) .

To classify completely Ricci solitons for G = ag® + bg" + cg¥, a # 0, a + ¢ #
0 and a (a + c) — b? # 0, it is sufficient to characterize homothetic vector field on
(TM,G). We start with the following lemma which gives a local characterization
of the Lie derivative with respect to an arbitrary vector field on T'M:

Lemma 4.3. Let (M, g) be a flat Riemannian manifold and G = ag® + bg" +
cg’. Then for all Z € X (TM) and X,Y € X (M), we have

LzG (X", Y") =[(a+c)A"+bB'| L o g(X,Y)

oz

+ [(a +¢) X" (A7) +bX" (Bi)} g (8(; : Y)
+ [(a +o) Y (A +by™" (Bi)] g <X, 0 ) :
£,G (Xh, Y”) — [V A’ +aB'] g (V%X, Y)

+ [px" (4%) + ax (BY)] g ( aii , Y>

+ [(a+c)Y" (AY) +bY" (B)] g

LzG (X", YY) = [bX" (A") +aX" (B") g(
Jg

+ [bY? (A7) + aY? (BY)]

where Z = A (6‘21-) + B! (mz)v.

For a vector field & on M, we denote by C (§) the (1,1)-tensor field on M
defined by ¢ (C(§)Y,Z) = —g(Y,Vz£) for all vector fields Y and Z on M.
Locally, if ¢ = ¢ aii, then C ({); = —gikgjlﬁfk, Whereffk, are the local components
of the (1, 1)-tensor field V&. We denote also by I the identity (1,1)-tensor field
on M. Then we have




Natural Ricci Solitons on Tangent and Unit Tangent Bundles 17

Theorem 4.4. Let (T M, G) be the tangent bundle of a flat Riemannian man-
ifold (M, g) with G = ag® + bg" + cg¥, and Z be a vector field on TM. Z is a
homothetic vector field on (TM,G) if and only if Z is expressed as

1
zZ=- {[ag — bE)" + *[aC (€) — bP + Aabl]
+a+e)é=bl]" +e[(a+c)P—bC (&) + A (a—b%) 1]}, (4.4)
where
1. ¢ is a homothetic vector field on M satisfying Lcg = 2X (a + ¢) g;

2. Pisa(1,1) tensor field on M which is skew-symmetric and parallel,

3. & is a vector field on (M, g) satisfying V¢ (U, V) + V26 (V,U) = 0 for any
UVex(M).

Proof. Suppose that Z is a homothetic vector field, then there is a constant

A such that
LG =2)G. (4.5)

Taking, in the third equation of Lemma 4.3, X = a?gi and Y = % and taking

into account (4.5), we obtain

A; Aj
2)\agij:b[8 - 0 J:|

0B; 0B,
ow  Out

ow + Bu’}’ ,j=1...,m, (46)
where A; := ¢;1 A* and B; := g;; B*. Putting
W; .= bA; + aB; — Aau;, (47)

where u; := gikuk, it is easy to see that (4.6) is equivalent to

oW, ow; .
D S =0, 4,j=1,...,n. (4.8)
For ¢ = j, (4.8) gives
ow; .
5 =0 i1=1,...,n. (4.9)
Deriving (4.8) with respect to 4/ and taking into account (4.9), we obtain
249
0 w; =0 foralli,j=1,...,n.
(u)

It follows that there are functions &;, P;j, i, = 1,...,n, such that
W, =&+ Pyut, i=1,...,n. (4.10)
Equation (4.8) is equivalent to

Pj+P;i=0, i,j=1,....n (4.11)
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Now we put , , .
Vii=(a+c) A +bB, i=1,... n (4.12)

Taking, in the second equation of Lemma 4.3, X = 821' and Y = % and taking
into account (4.5), (4.10) and (4.12), we obtain

k k ovk
where £ = g€, Pj’ = gikij and £fj and P;;k are the local components of
the differentials V& and VP of the local vector field & := £-2; and the local

. . xl
(1,1)-tensor field P := P; 8?& ® dz?, respectively, given by

. ot . . ok . .
£ = 0 + F;‘kfka ik = i + F}LclP;l' - FgchlZ-
j
It follows then, from (4.13), that
oV A . , o
i 2\b6; — g”gjkg;kj — gzmgjkPl’fmul, h,j=1,...,n. (4.14)
We deduce that
Vi= (4 20t — gilgjkﬁ;’iuj + T;kujuk, (4.15)

where (¢ and T;k are C*°-functions such that T]’k are symmetric in j and k.
Substituting from (4.15) into (4.14), we obtain

2T, = —9""gj1 P
But we deduce from (4.11) that —g"mgij,i;m is skew-symmetric, and hence
Pi.=0, ijk=1...,n (4.16)
It follows then that
V=2t — gilgjkfﬁuj, i=1,...,n,
or, in other words,
Vi=(¢ 420 +C (95!, i=1,...,n, (4.17)

where C (€) is the (1,1)-tensor field given in Theorem (4.4), given locally by
C(&); = —g"gjnel.

Finally, taking, in the first equation of Lemma 4.3, X = 8?& and Y = 6%] and
taking into account (4.5) and (4.17), we obtain

2 (a+ ¢) gij = ginC} + gjnCl + <9z‘k0 (©)r; + girC (5)?;@) u!
= gikCl + g€l — g (5 +EF) W', i =1,...,n.  (4.18)

,
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We deduce that

i.e. ¢ is a homothetic vector field of homothety factor A (a + ¢), and
e =0, d,j=1,...,n, (4.20)

i.e. V3¢ is skew-symmetric.
Now, substituting from (4.10) and (4.17) into (4.7) and (4.12), we obtain

A = a{a( —b¢' + [aC (f)J —bP} + Aablj]u’ },

Bl = é{—bci +(a+0) &+ [-bC (&) + (a+¢) P+ A (a —b) IHu'},
(4.21)
i=1,...,n. We deduce that Z is expressed as (4.4).
The converse is easy to prove. [

5. Ricci solitons of Kaluza—Klein type on unit tangent sphere
bundles

In this section, we suppose that (M, g) is a Riemannian manifold of constant
sectional curvature and that its unit tangent sphere bundle 77 M is endowed with
a g-natural metric G of Kaluza—Klein type. We now characterize vector fields V
on T1 M, which, together with a metric G of Kaluza—Klein type, give rise to a
Ricci soliton. A routine calculation, using Propositions 2.3 and 2.6, yields the
following

Proposition 5.1. Let (M, g) be a Riemannian manifold of constant sectional
curvature k, G be a pseudo-Riemannian g-natural metric of Kaluza—Klein type

onTi M,V be a vector field on TyM and A € R. Then (é, V, A) 1s a Ricci soliton
if and only if the following equations are satisfied:

(£vG) - (X" ¥") =2(a+ ) (A~ ) g (X,Y)
+2(N—-0)g(X,u)g(Y,u),
(EVG> (z,u) (Xh’ Yt) =0 (51)

(zvé> oy (XYY =200~ plg (X,)

forallz e M, (x,u) € T'M and X, Y € M, satisfying Convention 2.2, where

h= g 2= 2) (e o — ).
_ b e n—1) aok _
V= sata v g | +2(n—1)apk+d(d—2p)] , 5.2
1
“Saigp @ (nmAerds
+d(2n(a+c)p+ (n—1)dp —d(a+c))],
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or, in other words
LyG = 2a[A — pu]g® +2[a(p—v) +c(A—=v)]g" +2[\d — H]EU,

where g%, g¥ and kY are the induced metrics on Ty M from g%, g¥ and kY, respec-
tively.

Remark 5.2. With the same hypotheses of Proposition 5.1, if (@, V, /\) is a

Riccei soliton then

e V is a conformal vector field on <T 1M, é) if and only if 8 = pud and p = v,

e Vs a Killing vector field on <T1 M, é) if and only if @ = Ad and A = y = v.

5.1. Case when the potential vector field is a complete lift vector
field Recall that if £ is a vector field on M, then its complete lift £¢ to Ty M
can be expressed as £¢ = X" 4 [1 (V¢€)]!. Using Lemmas 2.4 and 2.5, we have

Lemma 5.3 ([1]). For all { € X (M), (z,u) € T1'M and X,Y € T, M, we
have

(£e:C) - (X" 7") = (a+ ) (Leg), (X, Y) + d{(Leg), (V,u) g (X, 0)
+ (Leg), (X,u) g (Y, u) — (Leg), (u,u) g (Y, u) g (X, u),
(.cga(?) - (Xh, Yt> = ag (R (&, X)u+ V2 (1, X) Y,

(cfaé) - (X4 V1) = a[(Leg), (X,Y) = (Leg), (u,u) g (X,Y)].

Theorem 5.4. Let (M, g) be a Riemannian manifold of constant sectional
curvature k, G be a pseudo-Riemannian g-natural metric of Kaluza—Klein type

on ThM, & be a vector field on M and A € R. Then, (é, &€, A) is a Ricci soliton
if and only if the two following assertions hold

1. & is a homothetic vector field on M, with L¢g = 2Mog, where Ao € R;

2. one of the following cases occurs

2 —
i) nzz,d:o,A:LQandAozﬁw.
2(a+c) (a+c)
. 2¢ — 2
i) n=2,d40, K= and A = o= =
_9
iii)n#Q,dzO,/{anndAo:)\:na :

iv) n#2,d#0, n:—a(nl_Q)[(n—l)d:I: VA2 +2n(n—2)ed], A\ = p

and \o = p — v, where p and v are given by (5.2).
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Proof. Suppose that (6,55,)\) is a Ricci soliton. For all (z,u) € TM and

X,Y € M,. Substituting from the first equation of Lemma 5.3 into the first
equation of (5.1) and taking X =Y L u, we obtain

Then ¢ is a homothetic vector field with L¢g = 2 (X — v) g. Substituting from the
third equation of Lemma 5.3 into (5.1), we obtain

1

e [P 2= et e -, (5.4)

A:M:

We deduce that £ is a homothetic vector field, i.e. L¢g = 2A\og, with
Ao = i — . (5.5)

Substituting from the first equation of Lemma 5.3 into the first equation of (5.1),
we obtain

vd = 0. (5.6)
Thus

(n—2)a2g0/£2+2(n—1)adg0n+d[d2—(n+1)dcp+(a+c)(d—2ng0)] =0,

ie.,

(n —2)a*k* +2(n — 1) ads — nd (2 — d) = 0. (5.7)
Then we can distinguish the following situations:

a+c

m[ ak + 2 (a + c)]. Then we have, by virtue of (5.4) and (5.5), A =
and \g = W[ar@ — (a+c)].

ii)n=2and d # 0: (5.7) yields kK = M%l. Substituting into (5.2), we get
1= 2 and v = 0. Replacing in (5.4) and (5.5), we obtain A = \g = 2.

iii) n # 2 and d = 0: then we have, from (5.6), § = 0. Using (5.2), w

. o . . . o + o
obtain k£ = 0 and thus substituting into (5.2), we get u = (n — 2) o and v = 0

i) n = 2 and d = 0: substituting into (5.2), we get p = § ( - ) and v =

(a+c>2

Replacing in (5.4) and (5.5), we obtain A = \g = 22,

a

iv) n # 2 and d # 0: from equation (5.7) we obtain

(n—1) d]Q _ d [d® + 2n (n — 2) d). (5.8)

[K+(n—2)a (n_2)2a2

We deduce that k = —m[(n —1)d £ \/d%+2n(n — 2) ¢d].
Conversely, by a routine calculation, we can check that in any case i)-iv) of
2 of the theorem, we get

AN=p, A—v=2XN, M—0=>d. (5.9)
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On the other hand, it is well known that, for any homothetic vector field £ on
M, we have

R(EX)Y +V%(YV,X)=0 (5.10)

for any X,Y € X (M). Substituting from the identity L¢g = 2Xog and (5.10) into
Lemma 5.3, and using (5.9), we obtain

(cgaé)( | (Xh, Yh) — 2 (a+¢)g(X,Y) + 2 odg (Y, u) g (X, u)

O h yt) _
(ﬁch) (z,u) (X Y ) =0
(ﬁgaé - (X1, Y1) =0 = 2a[A — plg (X,Y),
which is no other than (5.1), i.e. (é e, )\) is a Ricci soliton. 0

Remarks 5.5. Let (M,g) be a Riemannian manifold of constant sectional
curvature x, G be a pseudo-Riemannian g-natural metric on 71 M of Kaluza-
Klein type, £ be a vector field on M and A € R.

1. (TlM ) G’) is an Einstein manifold if and only if ¢ is a Killing vector field on
M, ie. A =0.

2. Forn=2andd=0, (@, £°, A) is shrinking, steady or expanding according
toa <0, k=0 or a> 0, respectively.

3. Forn=2andd#0, <G, £°, )\> is shrinking or expanding according to a <
0 or a > 0, respectively.

4. Forn # 2 and d =0, (é, e, )\) is shrinking or expanding according to a <

0 or a > 0, respectively.

5. Forn #2andd # 0, (é, £, /\> is shrinking, steady, or expanding according

to p is negative, zero or positive, respectively.

6. In the case 2 iv) of Theorem 5.4, we should have d? +2n (n —2) od > 0, i.e.
one of the following situations occurs

—2n(n—2)(a+c)
2n(n—2)+1 ~’

—2n(n —2)(a+c)
2n(n—2)+1

¢ at+c<OanddE€]—o00,00U]

e a+c>0andde€]— oo,

] U [0, 400l
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5.2. Necessary conditions on potential vector fields. Since T1 M is a
closed submanifold of T'M, then for any vector field V' on 77 M, there is a vector
field V on TM which extends V. For a local coordinates system (U, b .. ,x")
of M,V can be expressed in the induced coordinates system of T'M as

Vipioy=A4 (&Cz) +B (3:61) J

where A’ and B? are smooth functions on p~! (U). Since V is tangent to TlM at
any point of 71 M, we should have g;; (z )BZ (x, u) w =0 for all (z,u) € p;* (U) =
p~H(U) NT1 M expressed locally as u = u 8‘9

B (z,u)u; =0, (5.11)

where we put u; := g;; (x) u’. If we denote the restrictions to p; ' (U) of A* and
B’ by the same notations, then we can write

Vi =4 (axz) + B (a?ci)t- (5.12)

Py
Using Lemmas 2.4 and 2.5, we can prove the following lemma.

Lemma 5.6. For all (x,u) € /M, X,Y € M,, we have

)

ol Yoo (] 7o

Ao (5 one]
(8] )oox}

)g (Y,u) —l—Yh AZ g
(z é) (Xh Yt - ) g 9 y)iBig(v Y
v (z,u) ’ 8.%7’3; X@ ¢’

(] (1)

+@a+c)Y"(AY)g ( 0 ‘ >+dyt (A g (

0wt
(EV(;’)(M) (X', v = [Yt (B') ( ‘ >+Xt (B)g(Y, -

We put
l 9 "
W=V-A4 .
<3xl>

(ﬁvc?) - (Xh,Yh> = (a+c) [Ai (ﬁig> (X,Y)

+X" (A 9

)

)l
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W is a fiber-preserving vector field, and we have, from Lemma 5.6,
LwG (X', YY) = LyG (X, Y?).
Using (5.1), we deduce that
LwG (X', Y") = 2]\ — 4G (X', YY),
In the same way, we remark that
Lwg® (X' Y") =2[A—pg® (X", Y"). (5.13)

We shall extend fiber-preserving vector fields on 71 M to vector fields on T'M,
using the techniques used in [22]. Let Z be a fiber-preserving vector field on 77 M.
Then it is known that Z is projectable to a vector field Z on M, i.e., such that
(dp1), (Zy) = Z, for all x € M and u € Sy M. For all r > 0, let us define the
immersions j, : T'M — TM and jo : M — T M, respectively, by j, (u) = ru for
all w € Ty M, and jo (z) = 0, for all x € M, where 0, denotes the zero vector in
M,,. We define a vector field Z on TM extending Z by (cf. [22])

> . {(djr)u (Zy) forr>0
" (o), (2,)  forr =0

for all x € M and u € S, M := M, UT; M. We denote by Z the restriction of Z
to T'M \ 0, which is clearly a vector field on T'M \ 0y,, where ¢ := jo (M) is the
zero section of T'M.

Lemma 5.7 ([1]). Let Z, X and Y be fiber-preserving vector fields on Ty M.
Then

(L59° (Y,?))ru =(1-r*)(a+c)(Lzg (X,X))w +1r%(Lz5° (X,Y)), (5.14)
forallzx e M, we SyM and r > 0.

Now, fixing u € S, M and taking, in (5.14), Z =W and X =Y =T! for T €
X (M) such that 0 # T, L u, and using Lemma 5.7, we obtain

Ly, 9" (TrT7) = L2,9° (T}, T)
Since, by (5.13), we have Lz, g% (TY,T?) = 2[\ — plg (Ty, ), then
EWMQS (Trs Tr) = 2[A — plg (T, 1)

TU? T TU

for all » > 0. When r — 0, we have by continuity

,CEOQS (Té)vTé}) = 2[)‘ - N]g (T:caTx) .

But since Zo = 0, then 2[\ — plg (T, T;) = 0, and consequently

A:uzw[a252+2(n2)(a+c)g0d2]
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and L=g* (T}, T},,) = 0. Using the third identity of Lemma 4.3 for G = g°, we

U T TU
obtain easily, as in the proof of Theorem 4.4,

B =Qw/+(', i=1,...n, (5.15)
where Qg , ¢t are smooth functions such that

Moreover since B'u; = 0, then Qé-ujui + ('u; = 0. Replacing v by —u in the last
identity, we deduce that ¢! = 0 for all i = 1,...,n, and (5.15) becomes B’ =
Qéuj . Considering the (1, 1)-tensor field @ on M whose components are Q;, then
we have Wi,y = Q (u) for all (z,u) € T1M, or equivalently t{V'} = i(Q), with
Q is skew-symmetric. This completes the proof of the following proposition.

Proposition 5.8. Let (M, g) be a Riemannian manifold of constant sectional
curvature Kk, G be a psuedo-Riemannian g-natural metric on T1M of Kaluza—
Klein type, V' be a vector field on T1M and A € R. If (V, G, )\) s a Ricci soliton
on T1'M then we have

1

L. )\:W[GQKQ‘FQ(”—Q)(G‘FC)@—OF];

2. tH{V}=17(Q), where Q is a skew-symmetric (1,1)-tensor field.

5.3. Case when the potential vector field is fiber-preserving. In this
section, we shall give necessary and sufficient conditions for the unit tangent
bundle of a constant curvature Riemannian manifold, endowed with a pseudo-
Riemannian Kaluza—Klein type metric, to be a Ricci soliton with a fiber preserv-
ing potential vector field.

Theorem 5.9. Let (M, g) be an n-dimensional Riemannian manifold of con-

stant sectional curvature k, G be a pseudo-Riemannian g-natural metric on Ty M
of Kaluza—Klein type, V be a fiber-preserving vector field on T1M and A € R.

Then (é, V, )\) is a Ricci soliton on T1 M if and only if there are:
1. A conformal vector field & on M, with Le¢g = 2Mog;

2. A parallel (1,1)-tensor field P on M, with P — (A — v) I is skew-symmetric;

such that one of the following cases occurs:

k2 k— L
) n=2d=0A=—" )\O:kLaJ;C) and V = €€ + iP;
2(a+c) (a+c)
20 —d

n —

2 .
i) n#£2,d=0,k=0,\=A\= and V = &€ + i P;
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V) n#A2,d#0, k=—
u—v andV =&
where I is the identity (1,1)-tensor field on M and p and v are given by (5.2).

(1(711_2)[(n—1)dj: VA2 42n(n—2)ed], \=p, o =

Proof. Let V be a fiber-preserving vector field on T3 M. Then
MV, X" (z,u)} =0 (5.17)

for all (z,u) € T'M and X € M,, where h stands for horizontal component.
Using the identity B’ (2, u) u; = 0, we obtain A{[V, X'] (z,u)} = h{—X" (A" gl}.
Then h{[V, X!] (z,u)} = 0 if and only if

Xt (Al) ~0

for all (z,u) € T'M and X € M,. It follows that, for X 1 w,, we have
(dAl)(gC ) <X(t$ u)> = 0 for all X L wu. If we denote by AL the restriction of
Al to the fiber Sy M := T, M N M, we then have

<dA§C>(x7u) (Xfowy) = (dAl>(m7u) (X =0 (5.18)

for all X € M, such that ¢ (X,u) = 0. But dA, is a linear form defined on the
tangent space

(SeM) 40y = {X (/X € My, g(X,u) = 0}.

(z,u)

Thus, by (5.18) it follows that (dAfE)(x W vanishes identically on (53 M), . We

conclude that the restriction Aé is constant on S, M. Therefore, for any x € M,
there is a C>®°-function &' on M, such that

Ay =& (@),

ie, m (V) = & where £ is the vector field on M given locally by & =
PR (a?ci)' It follows then that h{V} = &". But, by Proposition 5.8, we
have t{V'} = iQ for some skew symmetric (1, 1)-tensor field @ on M. We deduce
that V is given by V = &" 4+ Q. It is easy to see from Lemma 5.6 that, for all

(x,u) e MM, X,Y € M,, we have

(gvé> - (Xh, Yh) = (a+¢) (Leg), (X,Y)
+dlg (Vx& u) g (Y,u) + g (Vy& u) g (X, u)
+9(Q (), X)g(Y,u)+g(Q(u),Y)g(X,u); (5.19)
(€1),., (1) e )a 51010,

\ (£vG) X5V =alg Q). V) +9(Q(Y), X))

)
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Putting, in the first equation of (5.19), X =Y = u and using (5.1), we get
Leg(X,X) =20\ —v)[|X]?

for all X 1 w. Since u is arbitrary, the previous identity holds for all X € TM.
Then, by bilinearity, we get

Leg(X,Y)=2(A—1)g(X,Y) (5.20)

for all z € M and X,Y € M,. Taking X = u and Y L wu into the first equation
of (5.19) we obtain, by virtue of (5.1) and (5.20),

d[g(Q(u),Y)+g(Vy&u) =0 (5.21)

for all Y L u. So, we have two possibilities:

Case 1: If d # 0, then from (5.21) we obtain ¢ (Q (u),Y) = —g (Vy&,u) for
all Y L u. But we have, by (5.20), g (Vy§&,u) +g(Vy&u) =2A—v)g(Y,u) =
0 for all Y 1 u. It follows that

9(Q(u) —Vu&Y) =0 (5.22)

for all Y 1 u. Now, since @ is skew-symmetric, then we have, by virtue of (5.20),

9(Q(u) = Vu&,u) = =g (Vu&u) = (v = A) (5.23)
for all (z,u) € T1M. Combining (5.22) and (5.23), we obtain @ (u) = V,& +
(v — A) u, and consequently (LQ)(zu = (Vuf)fxm) , since ufnu) = 0. We deduce

then that V(m,u) f(xju) +(V uf) = E(%u), ie.
V = ¢~ (5.24)

Case 2: If d = 0, then we consider the (1, 1) tensor field P given by P (X) =
Q (X) — V& for all X € TM. Then V can be expressed as V = £° + 1 P. Recall
that, by (5.20), £ is homothetic and hence (5.10) holds. Then the system (5.19)
reduces to

((£v6), (X"Y") =2(a+0) =) 5. (X.7):
( )( ( ) =ag (VxP(u),Y); (5.25)
(), (X'Y") =alg (P(X),Y) + g (P(¥). X))

Comparing with (5.1), we obtain
=0, VP=0, and ¢g(P(X),Y)+g(P(Y),X)=2(A—-v)g(X,Y).

Now 6 = 0 means by (5.2) that either n =2 or k = 0.
The converse is straightforward. O
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IIpupoaHi cositonu Piv4i Ha JOTMYHMX Ta OJUHUYIHUX
JOTUYHUX PO3IMIAPYBaHHAX

Mohamed Tahar Kadaoui Abbassi and Noura Amri

Posrnsgnatoun mceBmnopiManoBi g-IpUPOTHI METPUKU HA JOTHIHUX PO3-
MapyBaHHIX, MU JIOBOJMMO, 1110 yMOBa OyTu cosiTonom Piudi € crajgkoBoio
B TOMY CEHCI, IO CTPYKTypa coyiToHa Piudi HA JOTUYIHOMY pPO3IIapyBaHHI
IIOPOJIZKY€E CTPYKTYpy cositona Piudi na 6azoBomy muorosmii. Obmexyio-
9ICh OJHUAM KJIACOM TICEBJIOPIMAHOBUX ¢-TIPUPOTHUX METPHUK, MU MOKa3ye-
MO, IO JOTHUYHE PO3MAapyBaHHs € coiTonoM Piwdgi Tomi i Tinmbku Tomai, Ko
0a30BUil MHOTOBHUJI € IJIOCKAM, a IOTEHI[iaJibHE BEKTODHE II0JI€ € IOBHUM
miytiioMmoM KoH(MOPMHOIo BeKTopHOro noJsd. [lorim Mu Hagmaemo Kinacudika-
11i10 KOH(MOPMHUX BEKTOPHHUX IOJIB HA JOTHYHOMY PO3MIAPYBAaHHI ILJIOCKOTO
PIMAHOBOT'O MHOTOBU/LY, CIIOPSIZKEHOT'O 3raJIaHUMU §-IIPUPOIHIMI METPUKAa-
vu. Konw ogumuu4Hi 1OTHYHI p3MIapyBaHHs HAJ PIMAHOBUM MHOTOBHJIOM 3
MTOCTIMHOIO KPUBUHOIO HAIIJIEH] IICEeBIOPIMAHOBOIO METPUKOIO TuIy Kasyrim—
Kueitna, mu maemo kitacudikallito cTpykKTyp codiiToniB Piudi, norenmnianaphi
BEKTODHI TI0JIsI SIKUX 30€epiraioTh mapu, pobJisiai BUCHOBOK IIPO iCHYBaHHS
TaKUX CTPYKTYP, 110 He € eHHIMITeAHOBUMU.

Kuirodosi csioBa: porudse posmiapyBaHHs, ojuHU4YHe JoTH4He (cdepu-
YHe) pO3IIapyBaHHsl, g-IPUPOJHI MeTpukH, MeTpukn Tuiry Kasmyu—Koreiina,
coaiTonn Piuui
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