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In the paper, we give a brute-force proof of the Kastler-Kalau—Walze
type theorem for 7-dimensional manifolds with boundary about the Witten
deformation and give a theoretical explanation of the gravitational action
for 7 dimensional manifolds with boundary.
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1. Introduction

The noncommutative residue plays a prominent role in noncommutative ge-
ometry [8,19]. Connes [5] used the noncommutative residue to derive an analogue
of the conformal 4-dimensional Polyakov action. Connes [6] proved that the non-
commutative residue on a compact manifold M coincided with the Dixmier trace
on pseudodifferential operators of order —dim M. Connes made a challenging
observation that the noncommutative residue of the square of the inverse of the
Dirac operator was proportional to the Einstein—Hilbert action, which we call the
Kastler-Kalau—Walze theorem. Kastler [10] gave a brute-force proof of this theo-
rem. Kalau and Walze [9] proved this theorem in the normal coordinates system
simultaneously. Ackermann [1] gave a note on a new proof of this theorem by
means of the heat kernel expansion.

Recently, Ponge defined lower dimensional volumes of Riemannian manifolds
by the Wodzicki residue [11]. Fedosov et. al. defined a noncommutative residue
on Boutet de Monvel’s algebra and proved that it was a unique continuous
trace [7]. Wang generalized the Connes results to the case of manifolds with
boundary in [15, 16] and proved a Kastler-Kalau-Walze type theorem for the
Dirac operator and the signature operator for 3-, 4-dimensional manifolds with
boundary [17]. Wang also generalized the definition of lower dimensional volumes
to manifolds with boundary and found a Kastler—Kalau—Walze type theorem for
higher dimensional manifolds with boundary [18]. Weiping Zhang introduced
an elliptic differential operator-Witten deformation in [22]. In [2, 3], we proved
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the Kastler-Kalau—Walze type theorem for the Witten deformation for 4-, 6-
dimensional manifolds with boundary [17]. Furthermore, we considered a higher
dimensional case. The motivation of this paper is to establish a Kastler—-Kalau—
Walze type theorem associated with the Witten deformation for 7-dimensional
manifolds with boundary, which can give a theoretic explanation to the gravita-
tional action for 7-dimensional manifolds with boundary.

This paper is organized as follows. In Section 2, we recall lower dimensional
volumes of compact Riemannian manifolds with boundary. In Section 3, we
compute the lower dimensional volume V01$2’2) associated with the Witten defor-
mation and get a Kastler-Kalau—Walze type theorem for this case, which can give
a theoretical explanation of the gravitational action for 7-dimensional manifolds
with boundary.

2. Lower dimensional volumes of compact manifolds with
boundary about Witten deformation

In this section, we consider an n-dimensional oriented compact Riemannian
manifold (M, g™) with boundary dy; equipped with a fixed spin structure. We
assume that near the boundary the metric ¢™ on M has the form

].
M oM 2
= — +d

where g?™ is the metric on OM. Let U C M be a collar neighborhood of OM
which is diffeomorphic M x [0,1). By the definition of h(z,) € C*°([0,1)) and
h(zy) > 0, there exists h € C°°((—¢,1)) such that k| ;) = h and h > 0 for some

sufficiently small ¢ > 0. Then there exists a metric § on M = M Uaps OM x
(—¢,0] which has the form on U Jy,; OM x (—¢,0]:

N L om 2
§g=——¢"™ 4 ax
h(zy,) "

such that g|ps = g. We fix the metric g on M such that Jlm=g.

Firstly, we will recall the expression of the Witten deformation D7 and its
square DZ near the boundary [2,3]. Let V% denote the Levi-Civita connection
about gM . In the local coordinates {z;;1 < i < n} and the fixed orthonormal
frame {e1,...,€,}, the connection matrix (ws;) is defined by

VL(é\L e ey é;L) - (évla L 7é;l)(ws,t)-
Let e(ej*),t(e;*) be the exterior and interior multiplications respectively. Write
c(€j) = e(ejx) — ulejx); e(€;) = e(ejx) + vejx).
The Witten deformation is defined by

Dy =d+6+Té&V)
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—Z o@) |+ 5 Zwstez Jel(&) — e(@)e(@)] | + Te(V),

where d,0,V € T'(TM), any T € R.
By Proposition 4.6 of [22], we have

Df = (d+6)*+ Y _c(&)VEMV + T*|V 2.
=1

By [20], (d + 0)? is expressed by

(@48 = =80 — 5 3 Riguc(@)el&)e(@i)e@) - ;
ijikl

Let g% = g(dx;, dxj), £ =), &dr; and vgiaj => Ffj@k. We denote

:—75 wst(€3)c(es)c(er), gwstez c(es)e(er)

and
& =g"¢&, rk = g”Ffj, ol =gY0;, o =gYa;.
Then D7 can be written as

Dp =) c(&)(& + oi + a;) + Te(V).
=1

By [1,20], we have
—Nog=A=—g9(VIVE-TEV).
Then we have

D% — ZgiJ [61(‘9] + 20’2‘8]' + 2ai8j — Fﬁjak =+ (&'Uj) =+ (&aj) + 0;0; + o;a;
i’j
1 vy ey ey 1
+a;0; + a;a; — F” F } ~3 Z Rijric(e;)c(e;)c(er)c(er) + Y&l
ijkl

+ Zc(a)a(ngV) + T2V |2

To define the lower dimensional volume, some basic facts and formulae about
Boutet de Monvel’s calculus, which can be found in Section 2 in [17], are needed.
Let

FiI2R,) - [2(R,), Flu)) = / ey ()t
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denote the Fourier transform and ®(R*) = r*®(R) (similarly define ®(R™)),
where ®(R) denotes the Schwartz space and

rt:C®R) = C*[RT), f— fIRT; RT={z>0;2¢cR}.

We define H = F(®(R*)), H; = F(®R~)) which are orthogonal to each
other. We have the following property: h € H™ (Hy ) iff h € C°°(R) which has
an analytic extension to the lower (upper) complex half-plane {Im¢ < 0} ({Im& >
0}) such that for all nonnegative integer [,

d'n — d' (e
ag €~ 2 ag (£k>
as [£| = +oo, Im¢ <0 (Im& > 0).

Let H' be the space of all polynomials and H- = Hy @H'; H=H" @ H".
Denote by % (77) the projection on H™ (H ™), respectively. For calculations,
we take H = H = {rational functions having no poles on the real axis} (H is a
dense set in the topology of H). Then on H,

1 .. h(§)
+p =1 —> d 2.1

™" hig) 20 w0 /1"+ o +iu—¢& & (2.1)
where T't is a Jordan close curve included in Im(¢) > 0 surrounding all the
singularities of & in the upper half-plane and & € R. Similarly, define ©" on H,

1

27’[’ T+

7'h h(&)d¢.
So, @(H™) = 0. For h € HOL'(R), m'h = & [h(v)dv and for h €
HT™NLYR), 7'h =0.

Denote by B Boutet de Monvel’s algebra and recall the main theorem in [7].

Theorem 2.1 (Fedosov-Golse-Leichtnam-Schrohe). Let X and 0X be con-

+
™ PT—i- G fg) € B. Denote by p,s and b the local

symbols of pseudo-differential operators P, S and a singular Green operator G
respectively, T is a trace operator. Define:

nected, dimX =n >3, A = <

Wres(A) = /X /S trp [pn(2,€)] o(€)da

+ 27r/ {traceg [(trb_p) (2", &)] + trp [s1-n(a’,&)]} o(&)da’. (2.2)
ox JS’
Then
a) \Xf}gs([A, B)) =0 for any A, B € B;
b) it is a unique continuous trace on B/B~°.

Let p1, p2 be nonnegative integers and p; + p2 < n. From Section 2 of [2], we
have the following definition.



A Theorem about Witten Deformation for 7-Dimensional Manifolds 123

Definition 2.2 ([2]). Lower dimensional volumes of compact spin manifolds
with boundary about the Witten deformation D7 are defined by

Volgpl’pQ)M — m[W+D;pl ° 7T+D;p2]'

Denote by 0;(A) the l-order symbol of an operator A. An application of (2.1.4)
from [15] shows that

Wres|r T DL ot D / / traceS(TM)[a_ (Do D)o (&) dw + / P,
1€]= oM

+°° o~ () kot poP
//| 1/00 a' ol 1k 1 1)1 racesaan [3 W080g, 0 Dy (20,8, 6n)
7,k=0

x 92000k oD (o, o,g’,gn)} Ao () da’,  (2.3)

and the sum is taken over r —k + |a|+ ¢ —j—1=—n,r < —p1, L < —pa.
The following proposition plays a key role in the computation of lower dimen-
sional volumes of compact spin manifolds with boundary.

Proposition 2.3 ([18]). The following identity holds:
1) ifn—p1—p2=0, then VollP1P2) pp — coVolys;
2) if n—p1 — po is odd, then VolP1P2) pr — Jors @
3. A Kastler-Kalau—Walze type theorem for 7-dimensional
spin manifolds with boundary

In this section, we compute the lower dimensional volume V01g2’2) for 7-
dimensional spin compact manifolds with boundary and prove a Kastler—Kalau—
Walze type theorem for this case. By Proposition 2.3, we have

Wres[r D% o w7 D52 :/ ®. (3.1)
oM

So, the only thing we need to do is to compute |, om @
Firstly, we will compute some symbols of the Witten deformation. Let

= > > 679" (V505,00 + > g™ (VE 00, 01).

,j<n l<n I<n
By the conclusions of [2, 3], we have

Lemma 3.1 ([2,3]). The symbols of the Witten deformation are:

V—1e(§)
IS

7-a(D;1) = OB S () o, (eI - (10,6

o1(Dy') =
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o_o(D3%) = [¢]72,
o_3(D7?%) = —V=1|¢| 2 (TF — 2a% — 20%) — V/=1|¢|702¢7€,£430;9°°,

where

1 NSNS 1 o s e~ _
oo(Dr) = Z wst(€i)e(es)e(es)eler) — 4 Zws,t(ez')C(ei)C(es)C(et) +Te(V).
2,8, ,8,t
Now we will compute the symbol o_4(D7?). Since the equation (4.16) of [9]
is

—1 _ -
‘794 (z,8) = oy 1(’Y%1 +v-2) + 0y 2(95#023#’7—17

where

UAI (maf) = 02 + 01 + go,
vo1(z, &) = —02_101 — i02_28@028$u02,
- 9. 1
’}LQ(SL’,E) = —0'2 10'0 - c)‘2 2(@85M018W02 + 58@6&/02896“ ml/O-Z)

+ JggaguagyagazngaxuUQ,
then, by Lemma 3.1 and some calculations, we get

Lemma 3.2. We have

o 4(D7?) = 0_4(D7?) — 4il¢|O(T* — 20%)¢ra'¢ — 41¢|70(a"&,)?
+A41€] 75 €06, (1€1%)n (€%) + |61 [0%ay + o' ay + a'oy + d'ay
1 NN
Y L < > Rijue(@)e(e;)e(ér)e(@) — > c(@)e(VEMY)
ijkl i
— TV ?] — 2[¢[ 00, (" &1) Dun (1€1*)
— 201720, (1) D (|€7)a&r, — 21€] 7D, (1€]7)Dun ("),
where o_4(D™2) has the following expression by the equation (115) in [13]:
7-4(D7%) = —[g]7°6&(I* — 20%) (1" - 20") + 2[¢| 76" G€als (I — 20) 79"
+ |71 0™ o + ooy, — TFoy) — 26|06 a7 (I — 20)
+ 120716 G6a8p £ 9" O 70 — AlE| TV €aly 5089 O 90
1
— AJE| 7 € 6009 + 167 6ats (T — 20%) 979 — 1|7 s(2)
+ 20&] 7 €at sl 9" O™ O 7 — 1€ 6atag" Olg .
Since ® is a global form on dM, then, for any fixed point xg € M, we can

choose the normal coordinates U of xg in M (not in M) and compute ®(xo) in

the coordinates U = U x [0, 1) and the metric h(in)gaM + dz2. The dual metric
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of g™ on U is h(zn)g®™ + da2. Write g{‘f =gM (821-7 %)’ gj\Z[ = gM(da;, dz;).

Then { } { }
M) _ w9 | O [gid] = |P@n) |95u 3.2
g’L ) g .
[J}[ LR i EH o (32
and
Oz, g0M (20) =0, 1<i,j<n—1; gM(zo)= 6. (3.3)
Let {E1,---,E,_1} be an orthonormal frame field in U about g%, which is

parallel along geodesics, and E; = %(xo). Then

{By = V(@) Br, - Boy = v/i(e) Bn 1, By = day )

is the orthonormal frame field in U about g™ . Locally, S(TM)|U = U x Ne(5).
Let {f1,---,fn} be the orthonormal basis of A;(5). If we take a spin frame
field o : U — Spin(M) such that 7o = {Evl, ,EZ}, where 7 : Spin(M) —
O(M) is a double covering, then {[o, f;],1 < i < 6} is an orthonormal frame of
S(TM)|5- In the following, since the global form @ is independent of the choice
of the local frame, we can compute traceg(ryr) (we will shorten it to trace) in the

frame {[o, fi],1 <i < 6}. Let {El, e ,En} be the canonical basis of R" and let

c(E;) € clg(n) = Hom(AL(5), AL(5)) be the Clifford action. By [17],

o(E;) = [(0,¢(E))],  e(ED[(o, )] = [0, (c(E))fi],

0 0

= ,=—)|. (3.4
o = | ] G
Then we have %c(ﬁ) = 0 in the above frame.

Nextly, we will give some conclusions as our computing tools. By [13], we

have

Lemma 3.3 ([13]). With the metric g™ on M near the boundary:

0 if j<n
az» 2 == )
i ([Elg2e) (o) {h/(@)\g'\jw if j=n

0 if j<n

0z, (¢(€))(w0) = {8%(0(5/))(%0) if j=n

where £ = &' + &, dx,,.

Lemma 3.4 ([13]). With the metric g on M near the boundary:

8$iazj(|§’§M)($0) &/|=1 =0 ifi<n,j=mn, ori=n, j<n,
1 . . .
2,0z, (1] 23) (o) =3 3 (R%ﬂ(a:o) + ng;a(xo))gagﬁ ifij<n
B o,B<n
8%83:.7“5’31%)(950) =1 =h"(0) ifi=j=n;
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Oz, O [c(€)] (o)

Oz aa:] [c(§)](z0)

~—

Oz, Ox; [c(E)](xo

=0 ifi<n,j=mn,ori=n, j<n,

l§"1=1
8 ~ . ..
o1 6 Z &(Rmfy‘;ﬁ xo —i—Rzﬂja( ))c(et) ifi,j <n,

3 / " . .
gﬂ—<ghm - 5H0) S ge@) ii=n,

I<n

where § = & + £,dx,,.

Similarly to the conclusions from [13], we get

Lemma 3.5. With the metric g™ on M near the boundary:

1 clén) i n
M@w:{oﬁ«><><u fh<n,

30/(0) ifk=n’

Fk(xg):{o ifk <n

Y

ifk=n

i (0)e(ern)e(en) i n
ak(:co):{éh(o)(k)(n) k<

ifk=n

Similarly to the conclusions from [13], we also get

Lemma 3.6. With the metric g™ on M near the boundary:

O, T (20)
O, TF (o)
3171%(950)
By T* ()
By, 0" (o) =1
By, " (o)

) k
17 (0] 1y

By, 0" (o)

l§"[=1

8% ak( 0)

=1

=1

= -3 (Fr) - O el@)e@) iy =n, k<n,

16) .
¢/ |=1 7ZR1'$ZII<: Zf’)/<n, ]C<’I’L,
<n

= ify<n, k=mn,
=1 i

= ify=mn, k<n,
=1 i

— 317(0) — 2 (W(0))? if o=k = n:
1€'1=1 2

) Z Rg%t (es)c(er) ify<n, k<n,
s#t<n

ifvy<n, k=n,
3 1

t<n

__1 S ((h/(o)) h//(o)) @)el@)  ify=mn, k=n;

8

t<n

Z Rkyst (wo)e(es)e(er) ify<mn, k<n,
s;ét<n
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8xvak(a:0) e =0 ify<mn, k=n;
a0, =3 (SO = Ol = k<,
0., a)| é > () ~n"())e(@ye(@  dv=n k=n

Now we will compute ® (see formula (2.3) for the definition of ®). Since the
sum is taken over —r —f+1+k+j+|a| =7, r,¢ < —2, then we have that faM ¢
is the sum of the fifteen cases below.

Case (1): r=-2,0=-2,k=0,j=1, |a| =1. From (2.3), we have

. +OO
Case (1) = ;/|g/| 1/ trace[&pnaglw o_ 2(DT2>

|a|=1
x ag,agna_g(Dﬁ)} (z0) A€o (¢)) da’.

By Lemmas 3.1 and 3.3, for ¢ < n, we have

0z,0-2(D7%)(x0) = q, (€7?) (o) (3.5)

€/|=1 lerl=1

So, Case (1) vanishes.
Case (2): r=-2,0=-2,k=0, j=2, |o| =0. From (2.2), we have that

Case ( /g/ 1/+OOZtrace 82 _2(D7?)
x 93 0_o(D3?)| (w0) déno (&) da'.

By Lemmas 3.1, 3.3 and a simple calculation, we get

3 —2
" 210) _'(0)
2 -2 — _
e R T N =
Since 92 and 7T2;l can be exchanged, by (2.1), we have
2 —2 _3Z§n 9‘571 + 80 / 2 2+ Zgn "
02w oD aw)| | = P S 0) 4 g (0. (37)

Note that for 7-dimensional spin compact manifolds with boundary we have
trace[id] = 8. Then, by (3.6), (3.7) and some direct computations, we obtain

trace |02 7r o_9(D ;Z)BEHJ,Q(DEQ) (x0)



128 Kai Hua Bao, Ai Hui Sun, and Kun Ming Hu

o (—3i2 — 06, + 8)(246, — 24€3) (4 + 2i€,) (246, — 24€)

= (K(0 K’ (0
WOy miparar MO TG a ey

Therefore,
Case (2)

2 27i {mgg +216¢4 — 264i¢3 — 21662 + 192@} ©) ,

= AV Q5 dzx

(n +1) En=i
N h" 271'2 [ 48i€2 — 963 + 48i€2 + 96&1} Qs 4’
(&2 +4)t En=i

= ()" = 5H'0)) 705 s,

where Q5 is the canonical volume of S°.
Case (3): r=-2,{=-2,k=0,5=0, || =2. From (2.3), we have that

+oo
Case ( ;/’| 1/ Z trace 85/71 o_9(D3?)

jal=2
x ag,agna_g(D;Q)} (20)d&no(€)d'.

By Lemmas 3.1, 3.5 and a simple calculation, we have

%0 _o(D32 O¢. 0,

Bo-2(Dr*)@o)| ,_, = 2 %060-2(Dr’)(w0)| ,
5,j<n
,J<n z]<n

By (3.8) and (2.1), we obtain

_ - 2+ig)d] —3i€2 — 9, + 8i
=Y et Y e G (9)
1,)<n i,j<n

On the other hand, by Lemmas 3.1, 3.3, and 3.4, we obtain

nga?,a_g(D;Q)(xg)

l§"1=1

00 —2(D7?)(x0)

\5’| 1
2
_ ;n (14_52) (9xlaxj(|5| ) (o) + Jz<n(+§2)3 z](“ﬂ ) xz(|§| ) (o)
1 " 2(]7/(0))2
= W i7j7§<n (R?ajﬂ(lTO) + Rzﬁ]a( 0))5&55 + w

Hence, in this case,

850¢,0-2(D7%) (o)

_4572 M
1€'1=1 - W Z (R?ajﬁ(xo) + Rw]a( 0)>fafﬁ

i,5,0,8<n
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2
—12&, (1 (0))
T+&)t
By (3.9), (3.10) and some direct computations, we obtain

(3.10)

trace agmgn o_9 (D;2)8§/8§HJ,Q(D;2)} (o)

_4£n _ 257% M
BRI z‘)?(ligg)s > (Rzaam(%) + R (@ 0))50455

i,7,0,8<n
—16i&, + 18¢2 + 6ig
36 — )P (1 +&)3 Z (

o2 1% — 6i&h
HIO G S ey

Similarly to (16) from [10], we have

/ e = 1) / EhErEaes = colPaR), (3.11)

RO 5(w0) + RO, (20) ) 6ii€ats

i,5,0,8<n
90 —48i&, + 54E2 + 18i€3
(& — 9?1+ &2)*

+ (P'(0))

where [***8] stands for the sum of products of ¢g®? determined by all “pairings”
of puvafB, and cq is a constant. Using the integration over S® and the shorthand
[ =2 [45 d°v, we obtain Q5 = 73, Let sp,, be the scalar curvature of dy/, then

O e /
SR (x0) /Ig | Gabstio(@)

i,0,5,4<n

PN RO (o) (0567 + 555 + 40)) =
i,,7,8<n
where c is a constant. Therefore,

i oo —dg, — 2
Case (3) = 595 (SaM /—oo g(fn _ 7])2(1 +£2)3 dé-n

,oon2 [T 4ig, — 962 — 33 ,
+ (1(0)) /_OO & +£2) d§n>d

g (s, 2 [t 2]
— 5 5| Soum 4! 9(€n+i)3 tomi

22 [% — 962 — 32‘52} N
En=1
where 3, Rfl% (x0) is the scalar curvature sp,,.

6! (&n + 1)1
117, , 2 ,
saMQ5dx + —(h( )) Qsda’,

Case (4): r=-2,(=-2, k=1, j=1, |a] =0. From (2.3) and the Leibniz

rule,

128
i +oo 5
Case (4) = 6/| ‘ 1/ trace [8xn8§n7rgla,2(D; )
=1 J—o0

+(1'(0))

G
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X 8§2n6$n0_2(D;2) (w9)d&,o(¢)da'.
By Lemmas 3.1, 3.3, (2.1), and some calculations, we obtain

-3 - an

3%85”7@;0_2(1);2)(:60) er]=1 = h/(O)m, (312)
4 — 20¢2
8, Drar-a(DP @) | = WO e (313)

Note that trace[id] = 8. Then, by (3.12), (3.13), and some direct computations,
we obtain

) o0 24 — i€, + 120€2 + 40i¢3 )
Case (4) h /§|1/ @ — )P0+ &) déno (&) dw
i 22mi [ —24 — 8i€, + 12062 + 40i¢3 1) ,
= (W) % [ 6T } En:iﬂg)dx
= 2 (H(0)*70s da'.

Case (5): r=—-2,{=-2,k=1,j=0, |a] =1. From (2.3), we have

400
Case ( / / Z trace 66/85 7r o 2(D7?)
l§"1=1

laf=1

X ag,agna%a_xp;?)} (20) d€po(¢') da’. (3.14)

By Lemmas 3.1 and 3.3, for i < n, we obtain
_ -1

=1 (1+&3)

+

Oz, 0a,, (1€1%) (0)
O, (1€1) 0, ([&]7) (o) =

aac’axna—?(DEz)(xO)

2
(1+&3)°

Hence, Case (5) vanishes.
Case (6): r=—-2,{=—-2,k=2,j=0, |a] =0. From (2.3), we have

Case / / Ztrace 65 g o_o(D3?)
l&’1=1
x 0,02, 0-2(D7?)| (w0) dguer(€') '

By Lemma 3.1, (2.1), and some calculations, we have

8&”5‘7—2(1):;2)(%) el (§n_—ii)3’ (3.15)
_ A& (z0) 126, (H(0))?
0, 7,0-2(Dr")(w0)| = e T (g e (3.16)
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Note that trace[id] = 8. Then, by (3.15), (3.16), and some direct computations,
we obtain

I oo —324&, /
Case 0 =510 [ | ey et

h’ / o / = 9615” < déuo () da’

(1 + &)
yoos 2| —32i€, ,
“%[w] &ZFW

,oo2mi [ 96ig, 1©@ ,
Z il Bt U 0
3 7

= (- SH'(0) + g(h’(O))2)7rQ5 da'.

Case (7): r=-2,{=-3,k=0,j=1, |a| =0. From (2.3) and the Leibniz
rule, we obtain

_t
6

i

Case ( / / trace 8§n81n7r£ o_s(D ;2)8&0_3(D}2)} (x0)d&,o(E)da’
/I 1
_ ! / / trace |32, 0,75, 7-2(D7?)o—s(D7%)] (20) A€o (€))da.
/| 1

By Lemmas 3.1, 3.3, (2.1), and some calculations, we have

g Oz, 0-2(D3?)(20) =1 = h/(o)m- (3.17)
Then die
/ Sn

In the normal coordinate we have
9" (wo) = 07,

N 0 if j<n
) = {h%o)ag it j=n.

By Lemmas 3.1, 3.5 and some calculations, we obtain

0-3(D7?)(@0)| =y = —il€] T k(T = 26%) (20) g/ =1
— i1¢] 726760809 (o) 1111 — 2il8] " a" &
W' (0) Y- g e Enc(€r)c(en) L B3I (0)&,
2(1+ &) (1+¢2)?
_2i0(0)6 iR (0) D ke éké(é?c)é(é%)‘ (3.19)

(1+&2)° 2(1+&7)°
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We note that
/ ‘ €1+ &aq110(&) = 0. (3.20)
gl=1

So, the first term and the last term in (3.19) have no contribution for computing
case (7), which we will omit in the following equation. Combining (3.18), (3.19),
and some direct computations, we obtain

trace agnaxnﬂgnfffz(sz)U—B(D:FQ) (7o)
—80i&, + 20£2 — 48i€3 + 12¢4
(gn - i)4(1 + f?z)g

Note that trace[id] = 8. By some direct computations, we obtain

oo _80i&, + 2062 — 4863 + 1262 ,
Case (7) = /,| 1/ G )it ep dg,o(¢) da

1, 22w [—80i€, + 2062 — 48i€3 +12¢47)
=3 (W) 6'[ &+ 17 ]

= % (h'(0)) Qs da.

= (h'(0))?

95 dZCI
En=1

Case (8): r=—-2,{=-3,k=0,5=0, |o|] = 1. From (2.3) and the Leibniz
rule, we obtain that

+o0o
Case (8) = _/g’l 1/ Z trace [8§/w;a,2(D;2)
=itvTo |a|=1
x 930g,0-5(D7%)| (w0) dgnor(€) da’
+o0o
= //| 1/ Z trace[(?gnﬁg‘/ﬂg;a_g(l);z)
=tJT> |a|=1

x 9505(D7%)| (0) duo (€') da.

By Lemma 3.1 and some calculations, we get

N = 22 G2 (D5 o)

k<n

_ —28k,
o =1 ,;l A

By some calculations, we obtain

-3 — n
8€n8€/71' o_ Q(D ‘|§ =1 — Z é_n 725 35[4; (322)

By Lemma 3.1, 3.6 and some direct computations, we obtain

_ —518k R?
0, 10_3 D 2 i) M
i ( T )( ) |€,|:1 1 +§n 2 Pt z'yzk
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+ (1_|_£2)2 Z Rk’yst ) ( ) (e~t)

s#t<n

1_|_£2 3 Z ( zagﬁ xU +Rz,3]oc( 0))§j§a§ﬂ

a,B<n
i Zk sz aM
4(1+&2)2 ;;n Ry (wo)e(es)e(er). (3.23)

By the relation of the Clifford action and trace (AB) = trace(BA), we have

Z trace[c(es)c(er)](xg) = 0.
s#t

So, by (3.22) and (3.23), we have

trace ngﬁgfr 0_2(D52)a§‘10—3(D52)] (zo)

8&n — 241
- 3(671 fz jé‘ 3 Z ( zozjﬁ .CCQ +R@ﬁ]o¢( 0)>£i£j§oc€ﬁ
n a,B<n

30t — 10&,
S B ZRaM (20)& &R (3.24)

3 - 0P+ &) &

Since R?O% (xo) = _Rz/% o (o), then, by (3.24) and some calculations, we obtain

oo 30 — 10¢&, /
Case ( // 1/ ! 5 i&n 5 ;Rmk 20)&1 &k déno (&) da
15 — 5@@

5
r /
=3 3M 1 [(fn )2 Qs dx’ = —1653M7TQ5 dz'.

En:i

Case (9): r=-2,(=-3,k=1,j=0, |a] =0. From (2.3) and the Leibniz
rule, we obtain that

1 oo
Case (9) = —2/|/_1 /_Oo |thrace[a§nﬂ'2202(DT2)
ol=

x agnaxna,g(pﬁ)} (o) déno(€') da’

+oo
/’l 1/ Z trace 85 5 o_2(D7?)

|lal=1

X awna_g(pﬁ)} (o) déno (') da'.

From (3.15), we have

O oD@, = e (3.25)
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By Lemmas 3.1, 3.3, 3.5 and some calculations, we obtain

O, 0—3(D7%) (o) o Bz, 0—3(D~?)(0) et T axn(%\ﬁl*”‘a"fn)(xo)(

+ 0, (21[€] a6 (w0)

l&']=1
j€'j=1"

Furthermore, we have

90 s (D7) 0)| = O (L0 Y eleile(én) + 30 (0

el (1 €2)°

- e (660 = 00 - 2sk(§<h’<o>>2 )Y el@n)el@)

()~ H0) 3 el@)el@) +

s#t<n n s#t,k<n

T Sk(g(h'«n) L)@@

1:&2 2 Z( (h'(0)" = 1" 0)) c(es)e(ér). (3.26)

By the relation of the Clifford action and trace(AB) = trace(BA), we have

Ztrace c(es)e(er)](xo) Ztrace (ez)e(er)](xo) = 48.

t<n t<n

By (3.25) and (3.26), we obtain

trace [8§2n7rgr 0_2(D7%)0y,, O'_g(D;Z)} (1o) =

12§n(( (0))* = h"(0 ) . (1(0))?(84¢, + 36¢3) —24€,1"(0)
(gn - 7/) (1 + §n) (fn - i)g(l + 51%,)3 (fn - i)g(l + 57%)2
Since
D2, e(€)(@0)] 0y = O cldry) = Y &0a,(Vh < dal & >op)c(@)
J<n 13@2—1
and
/ & Eogrro(€) =0, (3.27)
€/|=1
we get
_ Lo oo (84€, + 3653) N
Case (9) = 5 (1(0)) /|,|1 /_OO iyt A€ dr

1 " oo _24£n / /
0 /M/:l /_oo & — 071 + &gy o) dr
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+00 12§n (0))2 _ h//(o)) / ,
/’l 1/ (& — )3 (1 + £2)2 dé,o (&) dz

1, , .\ o2mi[84&, + 366370
-5 005 T

1., 2mi[ —24¢, 1@ )
+ 2h (0) 1 [(£n+z)2 gn:iQS dz

+60Hm»?—wwﬂifhgﬁypr®

_ (%h”(O) - %ﬁ(h’(@))?)w% da’.

Case (10): r=-3,{=-2, k=0, j=1, |o| =0. From (2.3), we have

Q5 dSC,
gn:i

Q5 de'/
En=1

1 +oo
Case (10) = 2/ / trace [8xn7rgr o_3(D7?)
lg"1=1 !

x 0¢ 0_2(D7?)|(20)déna(&)da.

_”

By the Leibniz rule, the trace property and “4 +” and “— —” vanishing after the

integration over &, in [7], we arrive at

+o0o
/ trace [8xn7rg;0_3(D52)6£2HO'_2(D;2)} (z0)d&n

—00

= /+OO trace [8zna_3(D;2)6§na_2(D;2)} (z0)d&n

—0o0

+o0
— / trace [3%0_3(D;2)852n7rg10_2(D;Q)} (x0)d&p.

—0o0

By Case(9), we obtain
1 +oo o 4 L i I /
2/|/| 1/ trace |:8§nﬂ-§ng_2(DT )0z, 0—3(Dr. )} (z0) d&po (&) da

45 2
ey / /
<l6h (0) 16 (W (0)) )WQg, dz’.
By Lemma 3.1 and a simple computation, we obtain

6£2 — 2

=1 (1+&2)3 (3.28)

02,0-2(D7*)(x0)

By (3.26) and (3.28), we obtain

5 (84i€,, + 36i€3)(—2 + 6£2)
(1+&2)5
24i€, (2 — 662)  12i(6&; — 2£n)<( '(0))* = h"(0 ))
1+ep A+ |

trace axna_g(D;Q)agna_2(D;2)} (z0) = (1(0))

+ h//(o)
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By a simple calculation, we have

1 +o00 +o00 e »
_5 /|/|_1/ / trace [axno-ig(DT )afno-*z(DT )} (xo)dfn

‘;5; ((h/(O))2 - h/’(0)>7r(25dx’.

Therefore,

Case (10) = <(196 - ‘g) B(0) + (f’; - fg) (h’(O))2> Qs o

Case (11): r=-3,{=—-2,k=0,j =0, |a] = 1. From (2.3), we have

+o0o
Case (11 / / Z trace 8£,7r o_3(D7?)
[€71=1 lal=1
x 930g,0-2(D7?)] (w0) déno(€) da.

By Lemmas 3.1 and 3.3, for ¢ < n, we have

8110—2(D52)(x0) |€'|=1 = aﬂ?i(‘§|_2) (x(]) =0.

¢'=1

Hence, Case (11) vanishes.
Case (12): r = -3, ¢ = -2, k=1, j =0, |a] = 0. From (2.3) and the
Leibniz rule, we have that

1 Feo
Case (12) = —2/ / trace [3%7@; o_3(D3?)
/| 1 )

x e, O, 0_2(0;2)] (z0) déno(¢') da’

= 1/ /+<>0 trace [77+ o_3(D7?)
2 Jirj=1 J—oo én T
x 02 Oy, H(D;?)] (z0) déno(€) da.

7

By the Leibniz rule, the trace property and “+ +” and “— —” vanishing after the

integration over &, in [7], we have

+oo
/ trace ¢ 0_3(D7%)32, 0r,0—2(D7)] (20) ey

—00

_ / " irace [0-5(D72)32 00, -2(D52)] (w0)dés

—00

~ / o trace[a_g(D;Q)agnaM; H(Dﬁ)} (20)dén. (3.29)

—00

Similarly to Case(7), we get the second term
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1 +o0 B -
T/ /|1/ trace |o-s(D7*)02, 0a, 5,0 >(D7?)| (w0) dé

_ %1(;{(0))%95 dz’.

By Lemmas 3.1, 3.3 and some direct computations, we obtain

4 — 2062

02 0, 0-2(D7?) (o) — Wh (0). (3.30)

By the relation of the Clifford action and trace (AB) = trace (BA), we have
trace[c(en)c(er)](zo) =0, k <n.
By (3.19) and (3.30), we obtain

5 20i¢,, — 88i&3 — 60iED

trace [05(D7%)0, 02,0 2(D7)| (o) = — (1 (0))

(1+&)7
From some direct computations, we obtain
/+oo —20i&, + 88i€3 4 60ig> 0, — 2mi [20@{” + 88i&3 + 60i€D } (6) y
N "l €t o

Therefore the first term of (3.29) vanishes. Thus,
21
Case (12) = g(h/(O))27TQ5 da’.

Case (13): r = -3, { = -3,k =0, j =0, |a] = 0. From (2.3) and the
Leibniz rule, we have

Case (13) = —i/|/_1 /+oo trace {772;0_3(1);2)
x O, 0-3(D7?)| (w0) déuor(€') da’
+o0o
:i//|1 /_Oo trace [6§nw;a,3(D;2)
x 0_3(D;2)} (z0) A€o (¢)) da’.

By (3.19), (2.1), and some direct calculations, we have

= L ! -~ g / 7 n 102
8§n7Tg;U_3(D}2)(fE0) le'|=1 = Mh (0) Z Ere(ex)c(en) + h (0)4(5&1_@')4
k<n
2 .
- Wih'(o) > Ge(er)e(en). (3.31)

k<n
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By the relation of the Clifford action and trace (AB) = trace (BA), we have

> &Géxtracele(én)e(er)e(en)e(@)](x0) = —8 ) &

kJl<n k<n

> trace[e(én)e(Ex)e(én)e(@)] (o) = 0.

kJl<n

Then, by (3.19), (3.31), we have

trace[agn o_3(Dy?)o- 3(D72)} (z0)

1 — 7€) (D&, ig3 , /) n
= (W) (10@ —7)52')1((51%2)2 = - <(£f —+z4§ 1+&2) 225k

Therefore,
2 oo
Case (13) = i(h/(0)) / / trace [agnwgna,g(D;%
/‘ 1

x 0_3(D7?)] (w0) dguor(€) do’

, 27 [ —3i — 96&, — 72i¢2 — 56¢3 — 41i¢47© ,
= i(W(0))" == [ n_—on n Q5 da
6! (fn + 1)3 i
L2 2mi [62 — dig, —3)]¢) ,
— R I 0
Ty (h'(0)) 5! [ (€n +1)2 - 5dw
5 97

= (— 55 — ) (W(0)*7 Q5 da'.

Case (14): r = -2, { = -4, k=10, j = 0, |a] = 0. From (2.3) and the
Leibniz rule, we have that

Case (14) = —i/ /+oo trace 7r+0 (D)0 (D_Q)}( ) déno(¢') da’
= /| ) En —9 T gnO'_4 T o no X

= // 1/+OO trace agn o 2(D7 )0_4(D;2)} (w0) dépo(€') da’.

By Lemma 3.1, (2.1) and some calculations, we get
_ 1
=1 2(6n — )%

By Lemmas 3.2-3.6 and some direct calculation, we have

8&171';0,2(D;2)(:U0) (3.32)

W) . 2(h(0)

074(D}2)(330) =1 = —12(1 ey + At k;lékﬁlc én)eler)
7(K(0))° . 2(W
514(_52)2 > &éie(en)e(er)e(en)e(e) + (1(+§2 5 Z c(én)e(er)

kJl<n
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o T @) VEMYV) + TV |2
+€n 2 ZRz]kl xO ) (ek)c(el) - (1 +€T2L>2

élé’;f’“ : Z’“;aff;‘éﬁ % (o - rope

D kden 681+ D ken Ekén 30
S = 9 (U

1O e(Eel@)

7(1(0))°
8(1+&2)?

- (1'(0))*
41+ &2)3

(0’
8(1+¢2)3

> Géelen)e(er)e(en)e(@) —

k,l<n

> &&iclén)e(er)e(en)e(er) + o—a(D72)(xo)

k,l<n

c(en)c(er)c(en)cler)

(3.33)

j€'j=1"

where

—(R) . 9(n(0)?
O ey = 4(5 _1_(6221))3C(ek)c(en)c(el)c(en) - (1( Jé;ﬁiﬁu&

1(0))? o 1
Elig)sz&dewc(e @)@ - 1
6

(1+€2)3£k€lz zkzl(xo) (1+€%)3h//(0)53

<<n

+ s(zo)

(1+€2)4§k§l§’y§§ Z ( k715($0)+R?,%5($0)>

¥,0<n

3(1 +§2)35a55 Z ( gazﬁ(%)*'R%‘fm(xo))

a,f<n
h// 4h// 0
( 2) 3+ (2)453
(1+&3)°  (1+&)
L 2H36 10€2 + 1263 — 460 + 955;(
(1+&3)°
By the relation of the Clifford action and trace (AB) = trace (BA), we have
trace[c(€y, )c(€x)c(€n) ()] (zo) = —83F, trace [C(é;)é(VéMV)] (xg) = 0.

By (3.32)—(3.34), we obtain

+

HO) (3.34)

trace|dg, 7 o 2(D§2)0_4(D;2)} (z0) = trace [agn o_ 2(D—2)0_4(D—2)} (o)

2i(h'(0))? N 21i((h'(0))? — h"(0)) N iSn
G —1?A+&)7° (-9’0 +&)? 2(&—)*(1+&)?
21i(h'(0))? —idT?|V|? N 8ih/(0)&,
206 =)’ (1+ &) (G —1)2A+8)* (& —)?0+&)°
(1203, G +12i63) ((7(0))* — h(0)) 48ih'(0)

(En —1)2(1+&3) (En —2)2(1+&3)°
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(961 Y-, Exn + 961 4 6) (2 ((0))° — 217(0))
(En —1)2(1+E2) ’

where

trace [agnﬂ;n a_g(D_2)0_4(D_2)] (o)

N 2
= = 1 G A ()
_ 36i(h/(0))2§2 Zk,l<n 339} _ is(zo)
(G — P+ G (€ — )21+ &)°
éf(zg(t))_) g el e ()
200 cn G i Bt (20)  24ik"(0)2
3(&n —1)2(1+&3)3 (&n — )21+ €2)3

16085816765 D2y 5<n (R(Z%(wo) + R?%(;(xo))
- 3(6n —0)2(1+&2)*

40 S tn 6660 L n (R 5(00) + RS (0) )
- 3(6n — )2 (1 + &)

16iR"(0)£2 N 4ih"(0)

(& —0)2(1+ &)Y (6o —9)2(1+&2)3

4i(W(0))(2 + 3¢, + 1062 + 1263 — 4€2 + 9¢5)
i (6 — 2(1 1 2)° |

Therefore,
400
Case (14) = i / / trace [agnwga_z(D;2)0_4(D;2)} (0) dénor(¢') da’
|¢'1=1/—oc0 .

omi[ 1 1® , u 1@
= SM(JJO)? [w] gn:iQde + SO (Jro)j [W]

22mi [ =53 — 726, — 3362 — 288¢) + 525¢,, — 2165,
6! 6(&, +1)°

217&6 (6)

6(6n + i>5]

21

Q5 da;’
En=1

+ (h'(0))

.
Qs da’ + 1 (0) = [

Q5 dIL‘/

gn:i

401 -6 - 6@%)} @
(&n + 1)

e @)
(45900 + 20000 |

Q5 di’l
fn:i

+ (1R = 2 (0O - 1) - Joas - G 0 0)?)

2 2
omi[ 1 1® )
1 (ceod o

omi [ €n } )
En=1

Qs daz’ — 8h/(0) =
B (G

En=1
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i 2 (2)
L 12((H(0)) - h”(@))% [(&i i)}

U )
90 (10)" = 0 5 |

- (oo (2 5) 0 - (5+3) ooy
235 47

e N/ = _TQ 2 0 !
+ o R"(0) + %SaM(:Uo) [V |*) Qs dz

Case (15): r=—-4,0=-2, k=0, j =0, |a| = 0. From (2.3), we have that

Case (15) = —z'/ /+OO trace |:7T2;0'_4(D;2)
|€'|=1 J =00
x ¢, 0-2(D7?) (w0) dguor(€') da’.

b

By the Leibniz rule, the trace property and “+ +” and “— —
integration over &, in [7], we have

vanishing after the

/+0° trace [ﬂgLU_4(D:F2)8§n O'_Q(DEQ)] (o) d&n

—0o0

+o0
_ / trace[0_4(D7)0g,02(D7%)| (0) &,

—00

- /+OO trace [0_4(D;2)8§nﬂ;a_2(D;2)] (o) d&p.

—0o0

By Case (14), we obtain
. +oo 2 + -2 / /
z/ | / trace [074(DT )¢, ¢ 0—2(Dy )} (x0) d&po (&) da
=1 J —o0

—(Fowton - (F+ 5 )0 - (5+3) o)’
235 47

—}—6—4h"(0) + 96 50m (xo) — T2|V|2> Qs da’.

By Lemma 3.1 and some calculations, we obtain

_2671

8§n0—2(D%2)(x0) l¢’|=1 - w

(3.35)

By (3.33), (3.34), and (3.35), we get

trace 0'_4<D;2)a£n0'_2(D;2):| (x0)

2smén

— trace [074(1)_2)85”072(17_2)] (a0) — m
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1921/(0)6,  16(R'(0))%€, | 12((W'(0))* — h"(0))&n

1+&)° (1+&2)° (1+&2)*
12(h(0))%¢,  16T?|V*  320°(0) 324 &kéan
1+&)> (1+&)! 1+&)°
A8 SR ((W(0))2 — 1"(0))  48&2((W(0)) — h"(0)) &
(1+&)° (1+&)*
38450, 6662 (2001(0))° - 17(0))
- (1+€2)3
384 Yy, (2 (1(0)” — 147(0) )
- (1+&2)3 ’
where
trace [J,4 (D™2)0, 02 (D_2)} (z0)
& (1(0)) o 1A(R(0) P Y k€
= 2(1( +(£;35 trace [c(eg)c(én)c(€r)c(én)] + ( (1) +€%):’l< L
B (0))* Y S8E o as(zo)
_ ( 221 +Z2j)<4 R race [c(€x)c(en)e(er)c(en)] — 5:?2%5)4
8060 Sprcn €kt Licn Riph(#0) | 96h"(0)63  186,4"(0)
3(1+&)° 1+&)°  Q+&)P
6480 n §kEIEYE
_ 312,1,2:52%): 1&6~86 %: (Rg%;(xo) +R?%5(5L'0)>
v,0<n
1680 > g 1<n E6&1 o o 64£3 1" (0)
sray 2, (o) Rila(e0) = g

166, (B (0))°(2 + 36, + 1062 + 12€3 — 4% + 9¢3)
B (1+¢e2)7

By direct calculations, we get

_z'/|l|1 /_+°° trace [0*4(D}2)a§n072(D;2)] (z0) d&, = 3i(h'(0))27rQ5 dz’.

Therefore,
e 45 5., 23 3., 2
Case (15) = (TSM(ZL'()) - (Z + g)h (0) — (12 ~ 3 ) (R (0))
235 47
+ T (0) + sy (o) - T2|V|2>7TQ5 de.
Now @ is the sum of the Case (1), ..., Case (15), so

15 »
1 35 45 5i
b = IZ:;C&SG (I) = (—QSM(:L'()) + ﬂsaM (CUO) _ 2T2|V|2 _ (2 + 4> h/(O)
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451 3947 / 2 247 451 " /
=00 - = Q .
+(32 384)(h(0)) +<32 32)h(0))7r sdo

Hence we have the conclusion as follows.

Theorem 3.7. Let M be a 7-dimensional spin compact manifold with the
boundary OM. Then we get the volumes associated to the Witten deformation
Dy on M:

e~ _ _ 1 35 45 51
Wres[r " Dy o D% = / <—23M($0) + 54 50m (zo) — (2 + 4) W' (0)
oM

450 3947 s (247 450
o2V (222 i Q5 da’.
VI +<32 384>( () +<32 32> (0)>” 5

4. The gravitational action for 7-dimensional manifolds with
boundary

Firstly, we recall the Einstein—Hilbert action for manifolds with boundary
(see [17] or [18]),

1
Io, = / sdvolys + 2 K dvoly,, := Igri + Igrp, (4.1)
167 Jus M ’ 7
where .
K= Z Kijgs, Kij=-T7, (4.2)
1<i,j<n—1

and K; ; is the second fundamental form or the extrinsic curvature. Taking the
metric in Section 2, for n = 7, we have

5
K(w9) = =5h'(0),  Iarp, = —5h'(0)Volgy. (4.3)
Then we obtain
Wres|(r D7%)?]; = 0, (4.4)
Wres|(w D22, = / B = QurQsVolgur, (4.5)
oM
where
1 35 45 5
Qo = —531\/1(360) + 5550 (zo) — 2TV |* — <2 + 4) 1 (0)
A5i 3947\ ,, o (247 45i\
T e : 4.
+<32 384>(h(0)) +<32 32>h(0> (4.6)

By (4.1)-(4.6), we obtain

Corollary 4.1. Let M be a 7-dimensional compact spin manifold with the
boundary OM and the metric g™ as above and let Dy be the Witten deformation
on M. Then

5H(0) = 4 12
=— W D .
Gr,b Q()T['Q5 I‘eS[(ﬂ' T ) ]b
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Teopema Tuny Kacrtnepa—Kasmay—Basbme mpo
nedopmaitito BirTena majist 7-BUMipHUX MHOTOBHJIIB 3
MeXKero
Kai Hua Bao, Ai Hui Sun, and Kun Ming Hu

V niit poboTi MU MeTOIOM IOBHOIO IEPe0OpPY JOBOAMMO TEOPEMY THUILY
Kacrnepa—Kamay—Banbie npo nedopmariito Birrena mis 7-BuMipHUX MHO-
FOBHUJIIB 3 MEXKE[ 1 JJaEMO TeopeTHYHe IOsSICHEeHHs I'paBiTalriiitHol il jjrs 7-
BUMIPDHUX MHOTOBHU/IIB 3 MEKEIO.

Kmrouosi cioBa: medopmariiss Birrena, HEKOMyTaTUBHUI 3aIUIITOK JJIsT
MHOT'OBH/JIIB 3 M€Kel, HU3bKOBUMIPHUN 00’€M
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