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1. Introduction

The noncommutative residue plays a prominent role in noncommutative ge-
ometry [8,19]. Connes [5] used the noncommutative residue to derive an analogue
of the conformal 4-dimensional Polyakov action. Connes [6] proved that the non-
commutative residue on a compact manifold M coincided with the Dixmier trace
on pseudodifferential operators of order −dimM . Connes made a challenging
observation that the noncommutative residue of the square of the inverse of the
Dirac operator was proportional to the Einstein–Hilbert action, which we call the
Kastler–Kalau–Walze theorem. Kastler [10] gave a brute-force proof of this theo-
rem. Kalau and Walze [9] proved this theorem in the normal coordinates system
simultaneously. Ackermann [1] gave a note on a new proof of this theorem by
means of the heat kernel expansion.

Recently, Ponge defined lower dimensional volumes of Riemannian manifolds
by the Wodzicki residue [11]. Fedosov et. al. defined a noncommutative residue
on Boutet de Monvel’s algebra and proved that it was a unique continuous
trace [7]. Wang generalized the Connes results to the case of manifolds with
boundary in [15, 16] and proved a Kastler–Kalau–Walze type theorem for the
Dirac operator and the signature operator for 3-, 4-dimensional manifolds with
boundary [17]. Wang also generalized the definition of lower dimensional volumes
to manifolds with boundary and found a Kastler–Kalau–Walze type theorem for
higher dimensional manifolds with boundary [18]. Weiping Zhang introduced
an elliptic differential operator-Witten deformation in [22]. In [2, 3], we proved
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the Kastler–Kalau–Walze type theorem for the Witten deformation for 4-, 6-
dimensional manifolds with boundary [17]. Furthermore, we considered a higher
dimensional case. The motivation of this paper is to establish a Kastler–Kalau–
Walze type theorem associated with the Witten deformation for 7-dimensional
manifolds with boundary, which can give a theoretic explanation to the gravita-
tional action for 7-dimensional manifolds with boundary.

This paper is organized as follows. In Section 2, we recall lower dimensional
volumes of compact Riemannian manifolds with boundary. In Section 3, we

compute the lower dimensional volume Vol
(2,2)
7 associated with the Witten defor-

mation and get a Kastler–Kalau–Walze type theorem for this case, which can give
a theoretical explanation of the gravitational action for 7-dimensional manifolds
with boundary.

2. Lower dimensional volumes of compact manifolds with
boundary about Witten deformation

In this section, we consider an n-dimensional oriented compact Riemannian
manifold (M, gM ) with boundary ∂M equipped with a fixed spin structure. We
assume that near the boundary the metric gM on M has the form

gM =
1

h(xn)
g∂M + dx2

n,

where g∂M is the metric on ∂M . Let U ⊂ M be a collar neighborhood of ∂M
which is diffeomorphic ∂M × [0, 1). By the definition of h(xn) ∈ C∞([0, 1)) and
h(xn) > 0, there exists h̃ ∈ C∞((−ε, 1)) such that h̃|[0,1) = h and h̃ > 0 for some

sufficiently small ε > 0. Then there exists a metric ĝ on M̂ = M
⋃
∂M ∂M ×

(−ε, 0] which has the form on U
⋃
∂M ∂M × (−ε, 0]:

ĝ =
1

h̃(xn)
g∂M + dx2

n

such that ĝ|M = g. We fix the metric ĝ on M̂ such that ĝ|M = g.

Firstly, we will recall the expression of the Witten deformation DT and its
square D2

T near the boundary [2, 3]. Let ∇L denote the Levi-Civita connection
about gM . In the local coordinates {xi; 1 ≤ i ≤ n} and the fixed orthonormal
frame {ẽ1, . . . , ẽn}, the connection matrix (ωs,t) is defined by

∇L(ẽ1, . . . , ẽn) = (ẽ1, . . . , ẽn)(ωs,t).

Let ε(ẽj∗), ι(ẽj∗) be the exterior and interior multiplications respectively. Write

c(ẽj) = ε(ẽj∗)− ι(ẽj∗); c̄(ẽj) = ε(ẽj∗) + ι(ẽj∗).

The Witten deformation is defined by

DT = d+ δ + T c̄(V )
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=

n∑
i=1

c(ẽi)

[
ẽi +

1

4

∑
s,t

ωs,t(ẽi)[c̄(ẽs)c̄(ẽt)− c(ẽs)c(ẽt)]

]
+ T c̄(V ),

where d, δ, V ∈ Γ(TM), any T ∈ R.

By Proposition 4.6 of [22], we have

D2
T = (d+ δ)2 +

n∑
i=1

c(ẽi)∇TMẽi V + T 2|V |2.

By [20], (d+ δ)2 is expressed by

(d+ δ)2 = −∆0 −
1

8

∑
ijkl

Rijklc̄(ẽi)c̄(ẽj)c(ẽk)c(ẽl)−
1

4
s.

Let gij = g(dxi, dxj), ξ =
∑

k ξjdxj and ∇L∂i∂j =
∑

k Γkij∂k. We denote

σi = −1

4

∑
s,t

ωs,t(ẽi)c(ẽs)c(ẽt), ai =
1

4

∑
s,t

ωs,t(ẽi)c̄(ẽs)c̄(ẽt)

and

ξj = gijξi, Γk = gijΓkij , σj = gijσi, aj = gijai.

Then DT can be written as

DT =
n∑
i=1

c(ẽi)(ẽi + σi + ai) + T c̄(V ).

By [1,20], we have

−∆0 = ∆ = −gij(∇Li ∇Lj − Γkij∇Lk ).

Then we have

D2
T = −

∑
i,j

gi,j
[
∂i∂j + 2σi∂j + 2ai∂j − Γki,j∂k + (∂iσj) + (∂iaj) + σiσj + σiaj

+ aiσj + aiaj − Γki,jσk − Γki,jak

]
− 1

8

∑
ijkl

Rijklc̄(ẽi)c̄(ẽj)c(ẽk)c(ẽl) +
1

4
s

+

n∑
i

c(ẽi)c̄(∇TMẽi V ) + T 2|V |2.

To define the lower dimensional volume, some basic facts and formulae about
Boutet de Monvel’s calculus, which can be found in Section 2 in [17], are needed.
Let

F : L2(Rt)→ L2(Rv), F (u)(v) =

∫
e−ivtu(t)dt
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denote the Fourier transform and Φ(R+) = r+Φ(R) (similarly define Φ(R−)),
where Φ(R) denotes the Schwartz space and

r+ : C∞(R)→ C∞(R+), f → f |R+; R+ = {x ≥ 0;x ∈ R}.

We define H+ = F (Φ(R+)), H−0 = F (Φ(R−)) which are orthogonal to each
other. We have the following property: h ∈ H+ (H−0 ) iff h ∈ C∞(R) which has
an analytic extension to the lower (upper) complex half-plane {Imξ < 0} ({Imξ >
0}) such that for all nonnegative integer l,

dlh

dξl
(ξ) ∼

∞∑
k=1

dl

dξl

(
ck
ξk

)
as |ξ| → +∞, Imξ ≤ 0 (Imξ ≥ 0).

Let H ′ be the space of all polynomials and H− = H−0
⊕
H ′; H = H+

⊕
H−.

Denote by π+ (π−) the projection on H+ (H−), respectively. For calculations,
we take H = H̃ = {rational functions having no poles on the real axis} (H̃ is a
dense set in the topology of H). Then on H̃,

π+h(ξ0) =
1

2πi
lim
u→0−

∫
Γ+

h(ξ)

ξ0 + iu− ξ
dξ, (2.1)

where Γ+ is a Jordan close curve included in Im(ξ) > 0 surrounding all the
singularities of h in the upper half-plane and ξ0 ∈ R. Similarly, define π

′
on H̃,

π′h =
1

2π

∫
Γ+

h(ξ)dξ.

So, π′(H−) = 0. For h ∈ H
⋂
L1(R), π′h = 1

2π

∫
R h(v)dv and for h ∈

H+
⋂
L1(R), π′h = 0.

Denote by B Boutet de Monvel’s algebra and recall the main theorem in [7].

Theorem 2.1 (Fedosov–Golse–Leichtnam–Schrohe). Let X and ∂X be con-

nected, dimX = n ≥ 3, A =

(
π+P +G K

T S

)
∈ B. Denote by p,s and b the local

symbols of pseudo-differential operators P , S and a singular Green operator G
respectively, T is a trace operator. Define:

W̃res(A) =

∫
X

∫
S

trE [p−n(x, ξ)]σ(ξ)dx

+ 2π

∫
∂X

∫
S′

{
traceE

[
(trb−n)(x′, ξ′)

]
+ trF

[
s1−n(x′, ξ′)

]}
σ(ξ′)dx′. (2.2)

Then

a) W̃res([A,B]) = 0 for any A,B ∈ B;

b) it is a unique continuous trace on B/B−∞.

Let p1, p2 be nonnegative integers and p1 + p2 ≤ n. From Section 2 of [2], we
have the following definition.
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Definition 2.2 ([2]). Lower dimensional volumes of compact spin manifolds
with boundary about the Witten deformation DT are defined by

Vol(p1,p2)
n M := W̃res[π+D−p1T ◦ π+D−p2T ].

Denote by σl(A) the l-order symbol of an operator A. An application of (2.1.4)
from [15] shows that

W̃res[π+D−p1T ◦π+D−p2T ] =

∫
M

∫
|ξ|=1

traceS(TM)[σ−n(D−p1T ◦D−p2T )]σ(ξ) dx+

∫
∂M

Φ,

Φ =

∫
|ξ′|=1

∫ +∞

−∞

∞∑
j,k=0

∑ (−i)|α|+j+k+1

α!(j + k + 1)!
traceS(TM)

[
∂jxn∂

α
ξ′∂

k
ξnσ

+
r D
−p1
T (x′, 0, ξ′, ξn)

× ∂αx′∂
j+1
ξn

∂kxnσlD
−p2
T (x′, 0, ξ′, ξn)

]
dξnσ(ξ′) dx′, (2.3)

and the sum is taken over r − k + |α|+ `− j − 1 = −n, r ≤ −p1, ` ≤ −p2.
The following proposition plays a key role in the computation of lower dimen-

sional volumes of compact spin manifolds with boundary.

Proposition 2.3 ([18]). The following identity holds:

1) if n− p1 − p2 = 0, then Vol
(p1,p2)
n M = c0VolM ;

2) if n− p1 − p2 is odd, then Vol
(p1,p2)
n M =

∫
∂M Φ.

3. A Kastler–Kalau–Walze type theorem for 7-dimensional
spin manifolds with boundary

In this section, we compute the lower dimensional volume Vol
(2,2)
7 for 7-

dimensional spin compact manifolds with boundary and prove a Kastler–Kalau–
Walze type theorem for this case. By Proposition 2.3, we have

W̃res[π+D−2
T ◦ π

+D−2
T ] =

∫
∂M

Φ. (3.1)

So, the only thing we need to do is to compute
∫
∂M Φ.

Firstly, we will compute some symbols of the Witten deformation. Let

Γk =
∑
i,j<n

∑
l<n

gijglk〈∇L∂i∂j , ∂l〉+
∑
l<n

glk〈∇L∂n∂n, ∂l〉.

By the conclusions of [2, 3], we have

Lemma 3.1 ([2, 3]). The symbols of the Witten deformation are:

σ−1(D−1
T ) =

√
−1c(ξ)

|ξ|2
,

σ−2(D−1
T ) =

c(ξ)σ0(DT )c(ξ)

|ξ|4
+
c(ξ)

|ξ|6
∑
j

c(dxj)
[
∂xj (c(ξ))|ξ|2 − c(ξ)∂xj (|ξ|2)

]
,
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σ−2(D−2
T ) = |ξ|−2,

σ−3(D−2
T ) = −

√
−1|ξ|−4ξk(Γ

k − 2ak − 2σk)−
√
−1|ξ|−62ξjξαξβ∂jg

αβ,

where

σ0(DT ) =
1

4

∑
i,s,t

ωs,t(ẽi)c(ẽi)c̄(ẽs)c̄(ẽt)−
1

4

∑
i,s,t

ωs,t(ẽi)c(ẽi)c(ẽs)c(ẽt) + T c̄(V ).

Now we will compute the symbol σ−4(D−2
T ). Since the equation (4.16) of [9]

is

σ∆̃−1

−4 (x, ξ) = σ−1
2 (γ2

−1 + γ−2) + iσ−2
2 ∂ξµσ2∂xµγ−1,

where

σ∆̃1
(x, ξ) = σ2 + σ1 + σ0,

γ−1(x, ξ) = −σ−1
2 σ1 − iσ−2

2 ∂ξµσ2∂xµσ2,

γ−2(x, ξ) = −σ−1
2 σ0 − σ−2

2 (i∂ξµσ1∂xµσ2 +
1

2
∂ξµ∂ξνσ2∂xµ∂xνσ2)

+ σ−3
2 ∂ξµ∂ξνσ2∂xµσ2∂xνσ2,

then, by Lemma 3.1 and some calculations, we get

Lemma 3.2. We have

σ−4(D−2
T ) = σ−4(D−2)− 4i|ξ|−6(Γk − 2σk)ξka

lξl − 4|ξ|−6(akξk)
2

+ 4|ξ|−8akξk∂ξµ(|ξ|2)∂xµ(|ξ|2) + |ξ|−4
[
∂iaj + σiaj + aiσj + aiaj

− Γkak +
1

8

∑
ijkl

Rijklc̄(ẽi)c̄(ẽj)c(ẽk)c(ẽl)−
n∑
i

c(ẽi)c̄(∇TMẽi V )

− T 2|V |2
]
− 2|ξ|−6∂ξµ(akξk)∂xµ(|ξ|2)

− 2|ξ|−2∂ξµ(|ξ|2)∂xµ(|ξ|2)akξk − 2|ξ|−4∂ξµ(|ξ|2)∂xµ(akξk),

where σ−4(D−2) has the following expression by the equation (115) in [13]:

σ−4(D−2) = −|ξ|−6ξkξl(Γ
k − 2σk)(Γl − 2σl) + 2|ξ|−8ξkξlξαξβ(Γl − 2σl)∂xµg

αβ

+ |ξ|−4(∂xkσk + σkσk − Γkσk)− 2|ξ|−6ξkξl∂
x
k (Γl − 2σl)

+ 12|ξ|−10ξkξlξαξβξγξδ∂
x
kg

αβ∂xl g
γδ − 4|ξ|−8ξkξαξγξδ∂

x
kg

lα∂xl g
γδ

− 4|ξ|−8ξkξlξγξδ∂
x
klg

γδ + |ξ|−6ξαξβ(Γk − 2σk)∂xkg
αβ − 1

4
|ξ|−4s(x)

+ 2|ξ|−8ξαξβξγξδg
kl∂xkg

αβ∂xl g
γδ − |ξ|−6ξαξβg

kl∂xklg
αβ.

Since Φ is a global form on ∂M , then, for any fixed point x0 ∈ ∂M , we can
choose the normal coordinates U of x0 in ∂M(not in M) and compute Φ(x0) in
the coordinates Ũ = U × [0, 1) and the metric 1

h(xn)g
∂M + dx2

n. The dual metric
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of gM on Ũ is h(xn)g∂M + dx2
n. Write gMij = gM

(
∂
∂xi
, ∂
∂xj

)
; gijM = gM (dxi, dxj).

Then [
gMi,j
]

=

[
1

h(xn)

[
g∂Mi,j

]
0

0 1

]
;
[
gi,jM

]
=

[
h(xn)

[
gi,j∂M

]
0

0 1

]
(3.2)

and
∂xsg

∂M
ij (x0) = 0, 1 ≤ i, j ≤ n− 1; gMi,j(x0) = δij . (3.3)

Let {E1, · · · , En−1} be an orthonormal frame field in U about g∂M , which is
parallel along geodesics, and Ei = ∂

∂xi
(x0). Then{

Ẽ1 =
√
h(xn)E1, · · · , Ẽn−1 =

√
h(xn)En−1, Ẽn = dxn

}
is the orthonormal frame field in Ũ about gM . Locally, S(TM)|Ũ ∼= Ũ × ∧∗C(n2 ).
Let {f1, · · · , fn} be the orthonormal basis of ∧∗C(n2 ). If we take a spin frame

field σ : Ũ → Spin(M) such that πσ =
{
Ẽ1, · · · , Ẽn

}
, where π : Spin(M) →

O(M) is a double covering, then {[σ, fi], 1 ≤ i ≤ 6} is an orthonormal frame of
S(TM)|

Ũ
. In the following, since the global form Φ is independent of the choice

of the local frame, we can compute traceS(TM) (we will shorten it to trace) in the

frame {[σ, fi], 1 ≤ i ≤ 6}. Let
{
Ê1, · · · , Ên

}
be the canonical basis of Rn and let

c(Êi) ∈ clC(n) ∼= Hom(∧∗C(n2 ),∧∗C(n2 )) be the Clifford action. By [17],

c(Ẽi) =
[
(σ, c(Êi))

]
, c(Ẽi)

[
(σ, fi)

]
=
[
σ, (c(Êi))fi

]
,

∂

∂xi
=

[
(σ,

∂

∂xi
)

]
. (3.4)

Then we have ∂
∂xi
c(Ẽi) = 0 in the above frame.

Nextly, we will give some conclusions as our computing tools. By [13], we
have

Lemma 3.3 ([13]). With the metric gM on M near the boundary:

∂xj (|ξ|2gM )(x0) =

{
0 if j < n

h′(0)|ξ′|2
g∂M

if j = n
,

∂xj (c(ξ))(x0) =

{
0 if j < n

∂xn(c(ξ′))(x0) if j = n
.

where ξ = ξ′ + ξndxn.

Lemma 3.4 ([13]). With the metric gM on M near the boundary:

∂xi∂xj (|ξ|2gM )(x0)
∣∣∣
|ξ′|=1

= 0 if i < n, j = n, or i = n, j < n,

∂xi∂xj (|ξ|2gM )(x0)
∣∣∣
|ξ′|=1

= −1

3

∑
α,β<n

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
ξαξβ if i, j < n,

∂xi∂xj (|ξ|2gM )(x0)
∣∣∣
|ξ′|=1

= h′′(0) if i = j = n;
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∂xi∂xj [c(ξ)](x0)
∣∣∣
|ξ′|=1

= 0 if i < n, j = n, or i = n, j < n,

∂xi∂xj [c(ξ)](x0)
∣∣∣
|ξ′|=1

=
1

6

∑
l,t<n

ξl

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
c(ẽt) if i, j < n,

∂xi∂xj [c(ξ)](x0)
∣∣∣
|ξ′|=1

=

(
3

4
(h′(0))2 − 1

2
h′′(0)

)∑
j<n

ξjc(ẽj) if j = n,

where ξ = ξ′ + ξndxn.

Similarly to the conclusions from [13], we get

Lemma 3.5. With the metric gM on M near the boundary:

Γk(x0) =

{
0 if k < n

3h′(0) if k = n
,

σk(x0) =

{
−1

4h
′(0)c(ẽk)c(ẽn) if k < n,

0 if k = n
,

ak(x0) =

{
1
4h
′(0)c(ẽk)c(ẽn) if k < n

0 if k = n
.

Similarly to the conclusions from [13], we also get

Lemma 3.6. With the metric gM on M near the boundary:

∂xγΓk(x0)
∣∣∣
|ξ′|=1

=
5

6

∑
i<n

R∂Miγik(x0) if γ < n, k < n,

∂xγΓk(x0)
∣∣∣
|ξ′|=1

= 0 if γ < n, k = n,

∂xγΓk(x0)
∣∣∣
|ξ′|=1

= 0 if γ = n, k < n,

∂xγΓk(x0)
∣∣∣
|ξ′|=1

= 3h′′(0)− 9

2

(
h′(0)

)2
if γ = n, k = n;

∂xγσ
k(x0)

∣∣∣
|ξ′|=1

= −1

8

∑
s 6=t<n

R∂Mkγst(x0)c(ẽs)c(ẽt) if γ < n, k < n,

∂xγσ
k(x0)

∣∣∣
|ξ′|=1

= 0 if γ < n, k = n,

∂xγσ
k(x0)

∣∣∣
|ξ′|=1

= −
∑
t<n

(3

8

(
h′(0)

)2 − 1

4
h′′(0)

)
c(ẽn)c(ẽt) if γ = n, k < n,

∂xγσ
k(x0)

∣∣∣
|ξ′|=1

= −1

8

∑
t<n

((
h′(0)

)2 − h′′(0)
)
c(ẽs)c(ẽt) if γ = n, k = n;

∂xγa
k(x0)

∣∣∣
|ξ′|=1

=
1

8

∑
s 6=t<n

R∂Mkγst(x0)c(ẽs)c(ẽt) if γ < n, k < n,
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∂xγa
k(x0)

∣∣∣
|ξ′|=1

= 0 if γ < n, k = n;

∂xγa
k(x0)

∣∣∣
|ξ′|=1

=
∑
t<n

(3

8

(
h′(0)

)2 − 1

4
h′′(0)

)
c(ẽn)c(ẽt) if γ = n, k < n,

∂xγa
k(x0)

∣∣∣
|ξ′|=1

=
1

8

∑
t<n

((
h′(0)

)2 − h′′(0)
)
c(ẽs)c(ẽt) if γ = n, k = n.

Now we will compute Φ (see formula (2.3) for the definition of Φ). Since the
sum is taken over −r− `+1+k+ j+ |α| = 7, r, ` ≤ −2, then we have that

∫
∂M

Φ
is the sum of the fifteen cases below.

Case (1): r = −2, ` = −2, k = 0, j = 1, |α| = 1. From (2.3), we have

Case (1) =
i

2

∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=1

trace
[
∂xn∂

α
ξ′π

+
ξn
σ−2(D−2

T )

× ∂αx′∂2
ξnσ−2(D−2

T )
]
(x0) dξnσ(ξ′) dx′.

By Lemmas 3.1 and 3.3, for i < n, we have

∂xiσ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

= ∂xi
(
|ξ|−2

)
(x0)

∣∣∣
|ξ′|=1

= 0. (3.5)

So, Case (1) vanishes.
Case (2): r = −2, ` = −2, k = 0, j = 2, |α| = 0. From (2.2), we have that

Case (2) =
i

6

∫
|ξ′|=1

∫ +∞

−∞

∑
j=2

trace
[
∂2
xnπ

+
ξn
σ−2(D−2

T )

× ∂3
ξnσ−2(D−2

T )
]
(x0) dξnσ(ξ′) dx′.

By Lemmas 3.1, 3.3 and a simple calculation, we get

∂3
ξnσ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
24ξn − 24ξ3

n

(1 + ξ2
n)4

(3.6)

and

∂2
xnσ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
2(h′(0))2

(1 + ξ2
n)3
− h′′(0)

(1 + ξ2
n)2

.

Since ∂2
xn and π+

ξn
can be exchanged, by (2.1), we have

∂2
xnπ

+
ξn
σ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
−3iξ2

n − 9ξn + 8i

8(ξn − i)3
(h′(0))2 +

2 + iξn
4(ξn − i)2

h′′(0). (3.7)

Note that for 7-dimensional spin compact manifolds with boundary we have
trace[id] = 8. Then, by (3.6), (3.7) and some direct computations, we obtain

trace
[
∂2
xnπ

+
ξn
σ−2(D−2

T )∂3
ξnσ−2(D−2

T )
]
(x0)
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=
(
h′(0)

)2 (−3iξ2
n − 9ξn + 8i)(24ξn − 24ξ3

n)

(ξn − i)3(1 + ξ2
n)4

+ h′′(0)
(4 + 2iξn)(24ξn − 24ξ3

n)

(ξn − i)2(1 + ξ2
n)4

.

Therefore,

Case (2)

=
i

6

(
h′(0)

)2 2πi

6!

[
72iξ5

n + 216ξ4
n − 264iξ3

n − 216ξ2
n + 192iξn

(ξn + i)4

](6)∣∣∣∣
ξn=i

Ω5 dx′

+
i

6
h′′(0)

2πi

5!

[
−48iξ4

n − 96ξ3
n + 48iξ2

n + 96ξn
(ξ2
n + i)4

](5)∣∣∣∣
ξn=i

Ω5 dx′

=
(7

8

(
h′(0)

)2 − 3

8
h′′(0)

)
πΩ5 dx′,

where Ω5 is the canonical volume of S5.
Case (3): r = −2, ` = −2, k = 0, j = 0, |α| = 2. From (2.3), we have that

Case (3) =
i

2

∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=2

trace
[
∂αξ′π

+
ξn
σ−2(D−2

T )

× ∂αx′∂ξnσ−2(D−2
T )
]
(x0)dξnσ(ξ′)dx′.

By Lemmas 3.1, 3.5 and a simple calculation, we have

∂αξ′σ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
∑
i,j<n

∂ξj∂ξiσ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
∑
i,j<n

−2δji
(1 + ξ2

n)2
+
∑
i,j<n

8

(1 + ξ2
n)3

ξiξj . (3.8)

By (3.8) and (2.1), we obtain

π+
ξn
∂αξ′σ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
∑
i,j<n

(2 + iξn)δji
2(ξn − i)2

+
∑
i,j<n

−3iξ2
n − 9ξn + 8i

2(ξn − i)3
ξiξj . (3.9)

On the other hand, by Lemmas 3.1, 3.3, and 3.4, we obtain

∂αx′σ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
∑
i,j<n

−1

(1 + ξ2
n)2

∂xi∂xj (|ξ|2)(x0) +
∑
i,j<n

2

(1 + ξ2
n)3

∂xj (|ξ|2)∂xi(|ξ|2)(x0)

=
1

3(1 + ξ2
n)2

∑
i,j,α,β<n

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
ξαξβ +

2
(
h′(0)

)2
(1 + ξ2

n)3
.

Hence, in this case,

∂αx′∂ξnσ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
−4ξn

3(1 + ξ2
n)3

∑
i,j,α,β<n

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
ξαξβ
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+
−12ξn

(
h′(0)

)2
(1 + ξ2

n)4
. (3.10)

By (3.9), (3.10) and some direct computations, we obtain

trace
[
∂αξ′π

+
ξn
σ−2(D−2

T )∂αx′∂ξnσ−2(D−2
T )
]
(x0)

=
−4ξn − 2iξ2

n

3(ξn − i)2(1 + ξ2
n)3

∑
i,j,α,β<n

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
ξαξβ

+
−16iξn + 18ξ2

n + 6iξ3
n

3(ξn − i)3(1 + ξ2
n)3

∑
i,j,α,β<n

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
ξiξjξαξβ

+
(
h′(0)

)2 −12ξn − 6iξ2
n

(ξn − i)2(1 + ξ2
n)4

+
(
h′(0)

)2−48iξn + 54ξ2
n + 18iξ3

n

(ξn − i)3(1 + ξ2
n)4

.

Similarly to (16) from [10], we have∫
ξµξν =

1

6
[µν ],

∫
ξµξνξαξβ = c0[µναβ ], (3.11)

where [µναβ ] stands for the sum of products of gαβ determined by all “pairings”
of µναβ, and c0 is a constant. Using the integration over S5 and the shorthand∫

= 1
π3

∫
S5 d

5ν, we obtain Ω5 = π3. Let s∂M be the scalar curvature of ∂M , then∑
i,α,j,β<n

R∂Miαjβ(x0)

∫
|ξ′|=1

ξαξβξiξjσ(ξ′)

= cπ3
∑

i,α,j,β<n

R∂Miαjβ(x0)
(
δβαδ

j
i + δiαδ

j
β + δjαδ

i
β

)
= 0,

where c is a constant. Therefore,

Case (3) =
i

2
Ω5

(
s∂M

∫ +∞

−∞

−4ξn − 2iξ2
n

9(ξn − i)2(1 + ξ2
n)3

dξn

+
(
h′(0)

)2 ∫ +∞

−∞

4iξn − 9ξ2
n − 3iξ3

n

(ξn − i)3(1 + ξ2
n)4

dξn

)
dx′

=
i

2
Ω5

(
s∂M

2πi

4!

[
−4ξn − 2iξ2

n

9(ξn + i)3

](4)∣∣∣∣
ξn=i

+
(
h′(0)

)2 2πi

6!

[
4iξn − 9ξ2

n − 3iξ3
n

(ξn + i)4

](6)∣∣∣∣
ξn=i

)
dx′

=
π

6
s∂MΩ5dx′ +

11π

128

(
h′(0)

)2
Ω5dx′,

where
∑

t,l<nR
∂M
tltl (x0) is the scalar curvature s∂M .

Case (4): r = −2, ` = −2, k = 1, j = 1, |α| = 0. From (2.3) and the Leibniz
rule,

Case (4) =
i

6

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂xn∂ξnπ

+
ξn
σ−2(D−2

T )
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× ∂2
ξn∂xnσ−2(D−2

T )
]
(x0)dξnσ(ξ′)dx′.

By Lemmas 3.1, 3.3, (2.1), and some calculations, we obtain

∂xn∂ξnπ
+
ξn
σ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

= h′(0)
−3− iξn
4(ξn − i)3

, (3.12)

∂2
ξn∂xnσ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

= h′(0)
4− 20ξ2

n

(1 + ξ2
n)4

. (3.13)

Note that trace[id] = 8. Then, by (3.12), (3.13), and some direct computations,
we obtain

Case (4) =
i

6

(
h′(0)

)2 ∫
|ξ′|=1

∫ +∞

−∞

−24− 8iξn + 120ξ2
n + 40iξ3

n

(ξn − i)3(1 + ξ2
n)4

dξnσ(ξ′) dx′

=
i

6

(
h′(0)

)2 2πi

6!

[
−24− 8iξn + 120ξ2

n + 40iξ3
n

(ξn + i)4

](6)∣∣∣∣
ξn=i

Ω5 dx′

= −5

8

(
h′(0)

)2
πΩ5 dx′.

Case (5): r = −2, ` = −2, k = 1, j = 0, |α| = 1. From (2.3), we have

Case (5) =
i

2

∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=1

trace
[
∂αξ′∂ξnπ

+
ξn
σ−2(D−2

T )

× ∂αx′∂ξn∂xnσ−2(D−2
T )
]
(x0) dξnσ(ξ′) dx′. (3.14)

By Lemmas 3.1 and 3.3, for i < n, we obtain

∂x′∂xnσ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
−1

(1 + ξ2
n)2

∂xi∂xn(|ξ|2)(x0)

+
2

(1 + ξ2
n)3

∂xn(|ξ|2)∂xi(|ξ|2)(x0) = 0.

Hence, Case (5) vanishes.
Case (6): r = −2, ` = −2, k = 2, j = 0, |α| = 0. From (2.3), we have

Case (6) =
i

6

∫
|ξ′|=1

∫ +∞

−∞

∑
k=2

trace
[
∂2
ξnπ

+
ξn
σ−2(D−2

T )

× ∂ξn∂2
xnσ−2(D−2

T )
]
(x0) dξnσ(ξ′) dx′.

By Lemma 3.1, (2.1), and some calculations, we have

∂2
ξnπ

+
ξn
σ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
−i

(ξn − i)3
, (3.15)

∂ξn∂
2
xnσ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
4ξnh

′′(x0)

(1 + ξ2
n)3

+
−12ξn(h′(0))2

(1 + ξ2
n)4

. (3.16)
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Note that trace[id] = 8. Then, by (3.15), (3.16), and some direct computations,
we obtain

Case (6) =
i

6
h′′(0)

∫
|ξ′|=1

∫ +∞

−∞

−32iξn
(ξn − i)3(1 + ξ2

n)3
dξnσ(ξ′) dx′

+
i

6

(
h′(0)

)2 ∫
|ξ′|=1

∫ +∞

−∞

96iξn
(ξn − i)3(1 + ξ2

n)4
dξnσ(ξ′) dx′

=
i

6
h′′(0)

2πi

5!

[
−32iξn

(ξn + i)3

](5)∣∣∣∣
ξn=i

Ω5 dx′

+
i

6

(
h′(0)

)2 2πi

6!

[
96iξn

(ξn + i)4

](6)∣∣∣∣
ξn=i

Ω5 dx′

=
(
− 3

8
h′′(0) +

7

8

(
h′(0)

)2)
πΩ5 dx′.

Case (7): r = −2, ` = −3, k = 0, j = 1, |α| = 0. From (2.3) and the Leibniz
rule, we obtain

Case (7) =
1

2

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂ξn∂xnπ

+
ξn
σ−2(D−2

T )∂ξnσ−3(D−2
T )
]
(x0)dξnσ(ξ′)dx′

= −1

2

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂2
ξn∂xnπ

+
ξn
σ−2(D−2

T )σ−3(D−2
T )
]
(x0)dξnσ(ξ′)dx′.

By Lemmas 3.1, 3.3, (2.1), and some calculations, we have

π+
ξn
∂xnσ−2(D−2

T )(x0)
∣∣
|ξ′|=1

= h′(0)
2 + iξn

4(ξn − i)2
. (3.17)

Then

∂2
ξnπ

+
ξn
∂xnσ−2(D−2

T )(x0)
∣∣
|ξ′|=1

= h′(0)
4 + iξn

2(ξn − i)4
. (3.18)

In the normal coordinate we have

gij(x0) = δji ,

∂xj (g
αβ)(x0) =

{
0 if j < n

h′(0)δαβ if j = n.
.

By Lemmas 3.1, 3.5 and some calculations, we obtain

σ−3(D−2
T )(x0)

∣∣
|ξ′|=1

= −i|ξ|−4ξk(Γ
k − 2δk)(x0)||ξ′|=1

− i|ξ|−62ξjξαξβ∂jg
αβ(x0)||ξ′|=1 − 2i|ξ|−4akξk

=
ih′(0)

∑
k<n ξkc(ẽk)c(ẽn)

2(1 + ξ2
n)2

+
i3h′(0)ξn
(1 + ξ2

n)2

− 2ih′(0)ξn
(1 + ξ2

n)3
−
ih′(0)

∑
k<n ξkc(ẽk)c(ẽn)

2(1 + ξ2
n)2

. (3.19)
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We note that ∫
|ξ′|=1

ξ1 · · · ξ2q+1σ(ξ′) = 0. (3.20)

So, the first term and the last term in (3.19) have no contribution for computing
case (7), which we will omit in the following equation. Combining (3.18), (3.19),
and some direct computations, we obtain

trace
[
∂2
ξn∂xnπ

+
ξn
σ−2(D−2

T )σ−3(D−2
T )
]
(x0)

= (h′(0))2−80iξn + 20ξ2
n − 48iξ3

n + 12ξ4
n

(ξn − i)4(1 + ξ2
n)3

.

Note that trace[id] = 8. By some direct computations, we obtain

Case (7) = −1

2

(
h′(0)

)2 ∫
|ξ′|=1

∫ +∞

−∞

−80iξn + 20ξ2
n − 48iξ3

n + 12ξ4
n

(ξn − i)4(1 + ξ2
n)3

dξnσ(ξ′) dx′

= −1

2

(
h′(0)

)2 2πi

6!

[
−80iξn + 20ξ2

n − 48iξ3
n + 12ξ4

n

(ξn + i)3

](6)∣∣∣∣
ξn=i

Ω5 dx′

=
21

8

(
h′(0)

)2
πΩ5 dx′.

Case (8): r = −2, ` = −3, k = 0, j = 0, |α| = 1. From (2.3) and the Leibniz
rule, we obtain that

Case (8) = −
∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=1

trace
[
∂αξ′π

+
ξn
σ−2(D−2

T )

× ∂αx′∂ξnσ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′

=

∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=1

trace
[
∂ξn∂

α
ξ′π

+
ξn
σ−2(D−2

T )

× ∂αx′σ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′.

By Lemma 3.1 and some calculations, we get

∂αξ′σ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
∑
k<n

∂ξkσ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
∑
k<n

−2ξk
(1 + ξ2

n)2
. (3.21)

By some calculations, we obtain

∂ξn∂
α
ξ′π

+
ξn
σ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
∑
k<n

−3− iξn
2(ξn − i)3

ξk. (3.22)

By Lemma 3.1, 3.6 and some direct computations, we obtain

∂x′σ−3(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
−5iξk

6(1 + ξ2
n)2

∑
i<n

R∂Miγik(x0)
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+
iξk

4(1 + ξ2
n)2

∑
s 6=t<n

R∂Mkγst(x0)c(ẽs)c(ẽt)

+
2i

3(1 + ξ2
n)3

∑
α,β<n

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
ξjξαξβ

+
i
∑

k ξk
4(1 + ξ2

n)2

∑
s 6=t<n

R∂Mkγst(x0)c(ẽs)c(ẽt). (3.23)

By the relation of the Clifford action and trace (AB) = trace(BA), we have∑
s 6=t

trace[c(ẽs)c(ẽt)](x0) = 0.

So, by (3.22) and (3.23), we have

trace
[
∂ξn∂

α
ξ′π

+
ξn
σ−2(D−2

T )∂αx′σ−3(D−2
T )
]
(x0)

=
8ξn − 24i

3(ξn − i)3(1 + ξ2
n)3

∑
α,β<n

(
R∂Miαjβ(x0) +R∂Miβjα(x0)

)
ξiξjξαξβ

+
30i− 10ξn

3(ξn − i)3(1 + ξ2
n)2

∑
i<n

R∂Miγik(x0)ξγξk. (3.24)

Since R∂Miαjβ(x0) = −R∂Miβjα(x0), then, by (3.24) and some calculations, we obtain

Case (8) =

∫
|ξ′|=1

∫ +∞

−∞

30i− 10ξn
3(ξn − i)3(1 + ξ2

n)2

∑
i<n

R∂Miγik(x0)ξγξk dξnσ(ξ′) dx′

=
1

9
s∂M

2πi

4!

[
15i− 5ξn
(ξn + i)2

](4)∣∣∣∣
ξn=i

Ω5 dx′ =
5

16
s∂MπΩ5 dx′.

Case (9): r = −2, ` = −3, k = 1, j = 0, |α| = 0. From (2.3) and the Leibniz
rule, we obtain that

Case (9) = −1

2

∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=1

trace
[
∂ξnπ

+
ξn
σ−2(D−2

T )

× ∂ξn∂xnσ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′

=
1

2

∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=1

trace
[
∂2
ξnπ

+
ξn
σ−2(D−2

T )

× ∂xnσ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′.

From (3.15), we have

∂2
ξnπ

+
ξn
σ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
−i

(ξn − i)3
. (3.25)
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By Lemmas 3.1, 3.3, 3.5 and some calculations, we obtain

∂xnσ−3(D−2
T )(x0)

∣∣∣
|ξ′|=1

= ∂xnσ−3(D−2)(x0)
∣∣∣
|ξ′|=1

+ ∂xn(2i|ξ|−4anξn)(x0)
∣∣∣
|ξ′|=1

+ ∂xn(2i|ξ|−4akξk)(x0)
∣∣∣
|ξ′|=1

.

Furthermore, we have

∂xnσ−3(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
2ih′(0)

(1 + ξ2
n)3

(
− 1

2
h′(0)

∑
k<n

ξkc(ẽk)c(ẽn) + 3h′(0)ξn

)
− i

(1 + ξ2
n)2

(
ξn
(
3h′′(0)− 9

2
(h′(0))2

)
− 2ξk

(3

8
(h′(0))2 − 1

4
h′′(0)

)∑
t<n

c(ẽn)c(ẽt)

− 1

4
ξn
(
(h′(0))2 − h′′(0)

) ∑
s 6=t<n

c(ẽs)c(ẽt)
)

+

(
h′(0)

)2
4(1 + ξ2

n)2

∑
s 6=t,k<n

ξkc(ẽs)c(ẽt)

+
2i

(1 + ξ2
n)2

∑
k,t<n

ξk

(3

8

(
h′(0)

)2 − 1

4
h′′(0)

)
c(ẽn)c(ẽt)

+
iξn

4(1 + ξ2
n)2

∑
t<n

((
h′(0)

)2 − h′′(0)
)
c(ẽs)c(ẽt). (3.26)

By the relation of the Clifford action and trace(AB) = trace(BA), we have∑
t<n

trace[c(ẽs)c(ẽt)](x0) =
∑
t<n

trace[c(ẽt)c(ẽt)](x0) = 48.

By (3.25) and (3.26), we obtain

trace
[
∂2
ξnπ

+
ξn
σ−2(D−2

T )∂xnσ−3(D−2
T )
]
(x0) =

12ξn

((
h′(0)

)2 − h′′(0)
)

(ξn − i)3(1 + ξ2
n)2

+

(
h′(0)

)2
(84ξn + 36ξ3

n)

(ξn − i)3(1 + ξ2
n)3

+
−24ξnh

′′(0)

(ξn − i)3(1 + ξ2
n)2

.

Since

∂xnc(ξ
′)(x0)

∣∣
|ξ′|=1

=
∑
j<n

∂xnξjc(dxj) =
∑
j<n

1≤l≤n−1

ξj∂xn(
√
h < dxj , ẽl >∂M )c(ẽl)

and ∫
|ξ′|=1

ξ1 · · · ξ2q+1σ(ξ′) = 0, (3.27)

we get

Case (9) =
1

2

(
h′(0)

)2 ∫
|ξ′|=1

∫ +∞

−∞

(84ξn + 36ξ3
n)

(ξn − i)3(1 + ξ2
n)3

dξnσ(ξ′) dx′

+
1

2
h′′(0)

∫
|ξ′|=1

∫ +∞

−∞

−24ξn
(ξn − i)3(1 + ξ2

n)2
dξnσ(ξ′) dx′
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+
1

2

∫
|ξ′|=1

∫ +∞

−∞

12ξn

((
h′(0)

)2 − h′′(0)
)

(ξn − i)3(1 + ξ2
n)2

dξnσ(ξ′) dx′

=
1

2

(
h′(0)

)2 2πi

5!

[
84ξn + 36ξ3

n

(ξn + i)3

](5)∣∣∣∣
ξn=i

Ω5 dx′

+
1

2
h′′(0)

2πi

4!

[
−24ξn

(ξn + i)2

](4)∣∣∣∣
ξn=i

Ω5 dx′

+ 6
((
h′(0)

)2 − h′′(0)
)2πi

4!

[
ξn

(ξn + i)2

](4)∣∣∣∣
ξn=i

Ω5 dx′

=
( 9

16
h′′(0)− 45

16

(
h′(0)

)2)
πΩ5 dx′.

Case (10): r = −3, ` = −2, k = 0, j = 1, |α| = 0. From (2.3), we have

Case (10) = −1

2

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂xnπ

+
ξn
σ−3(D−2

T )

× ∂2
ξnσ−2(D−2

T )
]
(x0)dξnσ(ξ′)dx′.

By the Leibniz rule, the trace property and “+ +” and “−−” vanishing after the
integration over ξn in [7], we arrive at∫ +∞

−∞
trace

[
∂xnπ

+
ξn
σ−3(D−2

T )∂2
ξnσ−2(D−2

T )
]
(x0)dξn

=

∫ +∞

−∞
trace

[
∂xnσ−3(D−2

T )∂2
ξnσ−2(D−2

T )
]
(x0)dξn

−
∫ +∞

−∞
trace

[
∂xnσ−3(D−2

T )∂2
ξnπ

+
ξn
σ−2(D−2

T )
]
(x0)dξn.

By Case(9), we obtain

1

2

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂2
ξnπ

+
ξn
σ−2(D−2

T )∂xnσ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′

=
( 9

16
h′′(0)− 45

16

(
h′(0)

)2)
πΩ5 dx′.

By Lemma 3.1 and a simple computation, we obtain

∂2
ξnσ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
6ξ2
n − 2

(1 + ξ2
n)3

. (3.28)

By (3.26) and (3.28), we obtain

trace
[
∂xnσ−3(D−2

T )∂2
ξnσ−2(D−2

T )
]
(x0) = (h′(0))2 (84iξn + 36iξ3

n)(−2 + 6ξ2
n)

(1 + ξ2
n)6

+ h′′(0)
24iξn(2− 6ξ2

n)

(1 + ξ2
n)5

+
12i(6ξ3

n − 2ξn)
((
h′(0)

)2 − h′′(0)
)

(1 + ξ2
n)5

.
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By a simple calculation, we have

−1

2

∫
|ξ′|=1

∫ +∞

−∞

∫ +∞

−∞
trace

[
∂xnσ−3(D−2

T )∂2
ξnσ−2(D−2

T )
]
(x0)dξn

=
45i

32

((
h′(0)

)2 − h′′(0)
)
πΩ5dx′.

Therefore,

Case (10) =

((
9

16
− 45i

32

)
h′′(0) +

(
45i

32
− 45

16

)(
h′(0)

)2)
πΩ5 dx′.

Case (11): r = −3, ` = −2, k = 0, j = 0, |α| = 1. From (2.3), we have

Case (11) = −
∫
|ξ′|=1

∫ +∞

−∞

∑
|α|=1

trace
[
∂αξ′π

+
ξn
σ−3(D−2

T )

× ∂αx′∂ξnσ−2(D−2
T )
]
(x0) dξnσ(ξ′) dx′.

By Lemmas 3.1 and 3.3, for i < n, we have

∂xiσ−2(D−2
T )(x0)

∣∣
|ξ′|=1

= ∂xi
(
|ξ|−2

)
(x0)

∣∣
|ξ′|=1

= 0.

Hence, Case (11) vanishes.
Case (12): r = −3, ` = −2, k = 1, j = 0, |α| = 0. From (2.3) and the

Leibniz rule, we have that

Case (12) = −1

2

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂xnπ

+
ξn
σ−3(D−2

T )

× ∂ξn∂xnσ−2(D−2
T )
]
(x0) dξnσ(ξ′) dx′

=
1

2

∫
|ξ′|=1

∫ +∞

−∞
trace

[
π+
ξn
σ−3(D−2

T )

× ∂2
ξn∂xnσ−2(D−2

T )
]
(x0) dξnσ(ξ′) dx′.

By the Leibniz rule, the trace property and “+ +” and “−−” vanishing after the
integration over ξn in [7], we have∫ +∞

−∞
trace

[
π+
ξn
σ−3(D−2

T )∂2
ξn∂xnσ−2(D−2

T )
]
(x0)dξn

=

∫ +∞

−∞
trace

[
σ−3(D−2

T )∂2
ξn∂xnσ−2(D−2

T )
]
(x0)dξn

−
∫ +∞

−∞
trace

[
σ−3(D−2

T )∂2
ξn∂xnπ

+
ξn
σ−2(D−2

T )
]
(x0)dξn. (3.29)

Similarly to Case(7), we get the second term
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− 1

2

∫
|ξ′|=1

∫ +∞

−∞
trace

[
σ−3(D−2

T )∂2
ξn∂xnπ

+
ξn
σ−2(D−2

T )
]
(x0) dξn

=
21

8

(
h′(0)

)2
πΩ5 dx′.

By Lemmas 3.1, 3.3 and some direct computations, we obtain

∂2
ξn∂xnσ−2(D−2

T )(x0)
∣∣
|ξ′|=1

=
4− 20ξ2

n

(1 + ξ2
n)4

h′(0). (3.30)

By the relation of the Clifford action and trace (AB) = trace (BA), we have

trace[c(ẽn)c(ẽk)](x0) = 0, k < n.

By (3.19) and (3.30), we obtain

trace
[
σ−3(D−2

T )∂2
ξn∂xnσ−2(D−2

T )
]
(x0) = −(h′(0))2 20iξn − 88iξ3

n − 60iξ5
n

(1 + ξ2
n)7

.

From some direct computations, we obtain∫ +∞

−∞

−20iξn + 88iξ3
n + 60iξ5

n

(1 + ξ2
n)7

dξn =
2πi

6!

[
−20iξn + 88iξ3

n + 60iξ5
n

(ξn + i)7

](6)
∣∣∣∣∣
ξn=i

= 0.

Therefore the first term of (3.29) vanishes. Thus,

Case (12) =
21

8

(
h′(0)

)2
πΩ5 dx′.

Case (13): r = −3, ` = −3, k = 0, j = 0, |α| = 0. From (2.3) and the
Leibniz rule, we have

Case (13) = −i
∫
|ξ′|=1

∫ +∞

−∞
trace

[
π+
ξn
σ−3(D−2

T )

× ∂ξnσ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′

= i

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂ξnπ

+
ξn
σ−3(D−2

T )

× σ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′.

By (3.19), (2.1), and some direct calculations, we have

∂ξnπ
+
ξn
σ−3(D−2

T )(x0)
∣∣
|ξ′|=1

=
3i− ξn

4(ξn − i)3
h′(0)

∑
k<n

ξkc(ẽk)c(ẽn) + h′(0)
7ξn − 10i

4(ξn − i)4

− ξ2
n − 4ξn + 3i

8(ξn − i)4
ih′(0)

∑
k<n

ξkc(ẽk)c(ẽn). (3.31)
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By the relation of the Clifford action and trace (AB) = trace (BA), we have∑
k,l<n

ξlξktrace[c(ẽn)c(ẽk)c(ẽn)c(ẽl)](x0) = −8
∑
k<n

ξ2
k,∑

k,l<n

trace[c(ẽn)c(ẽk)c(ẽn)c(ẽl)](x0) = 0.

Then, by (3.19), (3.31), we have

trace
[
∂ξnπ

+
ξn
σ−3(D−2

T )σ−3(D−2
T )
]
(x0)

= (h′(0))2 2(10i− 7ξn)(5iξn + 3iξ3
n)

(ξn − i)4(1 + ξ2
n)3

− (h′(0))2 (iξ2
n + 4ξn − 3i)

2(ξn − i)4(1 + ξ2
n)2

∑
k<n

ξ2
k.

Therefore,

Case (13) = i
(
h′(0)

)2 ∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂ξnπ

+
ξn
σ−3(D−2

T )

× σ−3(D−2
T )
]
(x0) dξnσ(ξ′) dx′

= i
(
h′(0)

)2 2πi

6!

[
−3i− 96ξn − 72iξ2

n − 56ξ3
n − 41iξ4

n

(ξn + i)3

](6)∣∣∣∣
ξn=i

Ω5 dx′

+
1

2

(
h′(0)

)2 2πi

5!

[
ξ2
n − 4iξn − 3)

(ξn + i)2

](5)∣∣∣∣
ξn=i

Ω5 dx′

= (− 5

32
− 57

8
)(h′(0))2πΩ5 dx

′.

Case (14): r = −2, ` = −4, k = 0, j = 0, |α| = 0. From (2.3) and the
Leibniz rule, we have that

Case (14) = −i
∫
|ξ′|=1

∫ +∞

−∞
trace

[
π+
ξn
σ−2(D−2

T )∂ξnσ−4(D−2
T )
]
(x0) dξnσ(ξ′) dx′

= i

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂ξnπ

+
ξn
σ−2(D−2

T )σ−4(D−2
T )
]
(x0) dξnσ(ξ′) dx′.

By Lemma 3.1, (2.1) and some calculations, we get

∂ξnπ
+
ξn
σ−2(D−2

T )(x0)
∣∣∣
|ξ′|=1

=
i

2(ξn − i)2
. (3.32)

By Lemmas 3.2–3.6 and some direct calculation, we have

σ−4(D−2
T )(x0)

∣∣∣
|ξ′|=1

= −12
h′(0)

(1 + ξ2
n)3

+
2
(
h′(0)

)2
(1 + ξ2

n)4

∑
k<n,l

ξkξlc(ẽn)c(ẽk)

−
7
(
h′(0)

)2
16(1 + ξ2

n)2

∑
k,l<n

ξkξlc(ẽn)c(ẽk)c(ẽn)c(ẽl) +
21
(
h′(0)

)2
4(1 + ξ2

n)2

∑
k<n

c(ẽn)c(ẽk)
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+
1

8(1 + ξ2
n)2

∑
ijkl

R∂Mijkl(x0)c(ẽi)c(ẽj)c(ẽk)c(ẽl)−
T
∑

i c(ẽi)c̄(∇TMẽi V ) + T 2|V |2

(1 + ξ2
n)2

+
2h′(0)

∑
k ξk

(1 + ξ2
n)3

−
(
∑

k<n ξnξk) + ξ2
n

2(1 + ξ2
n)

∑
t<n,s

(
(h′(0))2 − h′′(0)

)
c(ẽs)c(ẽt)

− 4

∑
k,l<n ξkξl +

∑
k<n ξkξn

(1 + ξ2
n)

∑
t<n,s

(
3

8

(
h′(0)

)2 − 1

4
h′′(0)

)
c(ẽs)c(ẽt)

−
(
h′(0)

)2
4(1 + ξ2

n)3

∑
k,l<n

ξkξlc(ẽn)c(ẽk)c(ẽn)c(ẽl)−
7
(
h′(0)

)2
8(1 + ξ2

n)2
c(ẽn)c(ẽk)c(ẽn)c(ẽl)

−
(
h′(0)

)2
8(1 + ξ2

n)3

∑
k,l<n

ξkξlc(ẽn)c(ẽk)c(ẽn)c(ẽl) + σ−4(D−2)(x0)
∣∣∣
|ξ′|=1

, (3.33)

where

σ−4(D−2)(x0)
∣∣∣
|ξ′|=1

=
−
(
h′(0)

)2
4(1 + ξ2

n)3
c(ẽk)c(ẽn)c(ẽl)c(ẽn)−

9
(
h′(0)

)2
(1 + ξ2

n)3
ξ3
nξµξl

+

(
h′(0)

)2
4(1 + ξ2

n)2
ξkξlc(ẽk)c(ẽn)c(ẽl)c(ẽn)− 1

4(1 + ξ2
n)2

s(x0)

− 5

3(1 + ξ2
n)3

ξkξl
∑
i<n

R∂Mikil(x0)− 6

(1 + ξ2
n)3

h′′(0)ξ2
n

− 4

3(1 + ξ2
n)4

ξkξlξγξδ
∑
γ,δ<n

(
R∂Mkγlδ(x0) +R∂Mlγkδ(x0)

)
− 1

3(1 + ξ2
n)3

ξαξβ
∑
α,β<n

(
R∂Mkαlβ(x0) +R∂Mlβkα(x0)

)
+

h′′(0)

(1 + ξ2
n)3

+
4h′′(0)

(1 + ξ2
n)4

ξ2
n

+
2 + 3ξn + 10ξ2

n + 12ξ3
n − 4ξ4

n + 9ξ5
n

(1 + ξ2
n)5

(
h′(0)

)2
. (3.34)

By the relation of the Clifford action and trace (AB) = trace (BA), we have

trace[c(ẽn)c(ẽk)c(ẽn)c(ẽl)](x0) = −8δkl , trace
[
c(ẽi)c̄(∇TMẽi V )

]
(x0) = 0.

By (3.32)–(3.34), we obtain

trace
[
∂ξnπ

+
ξn
σ−2(D−2

T )σ−4(D−2
T )
]
(x0) = trace

[
∂ξnπ

+
ξn
σ−2(D−2)σ−4(D−2)

]
(x0)

− 2i(h′(0))2

(ξn − i)2(1 + ξ2
n)3

+
21i
(
(h′(0))2 − h′′(0)

)
(ξn − i)2(1 + ξ2

n)2
+

isM
2(ξn − i)2(1 + ξ2

n)2

+
21i(h′(0))2

2(ξn − i)2(1 + ξ2
n)2

+
−i4T 2|V |2

(ξn − i)2(1 + ξ2
n)2

+
8ih′(0)ξn

(ξn − i)2(1 + ξ2
n)3

−
(
12i
∑

k<n ξkξn + 12iξ2
n

)(
(h′(0))2 − h′′(0)

)
(ξn − i)2(1 + ξ2

n)
− 48ih′(0)

(ξn − i)2(1 + ξ2
n)3
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−
(
96i
∑

k<n ξkξn + 96i
∑

k<n ξ
2
k

)(
3
8

(
h′(0)

)2 − 1
4h
′′(0)

)
(ξn − i)2(1 + ξ2

n)
,

where

trace
[
∂ξnπ

+
ξn
σ−2(D−2)σ−4(D−2)

]
(x0)

=
−i
(
h′(0)

)2
8(ξn − i)2(1 + ξ2

n)3
trace

[
c(ẽk)c(ẽn)c(ẽl)c(ẽn)

]
−

36i
(
h′(0)

)2
ξ3
n

∑
k,l<n ξkξl

(ξn − i)2(1 + ξ2
n)3

− is(x0)

(ξn − i)2(1 + ξ2
n)2

+
i
(
h′(0)

)2∑
k,l<n ξkξl

8(ξn − i)2(1 + ξ2
n)2

trace
[
c(ẽk)c(ẽn)c(ẽl)c(ẽn)

]
−

20i
∑

k,l<n ξkξl
∑

i<nR
∂M
ikil(x0)

3(ξn − i)2(1 + ξ2
n)3

− 24ih′′(0)ξ2
n

(ξn − i)2(1 + ξ2
n)3

−
16iξkξlξγξδ

∑
γ,δ<n

(
R∂Mkγlδ(x0) +R∂Mlγkδ(x0)

)
3(ξn − i)2(1 + ξ2

n)4

−
4i
∑

k,l<n ξkξl
∑

α,β<n

(
R∂Mkαlβ(x0) +R∂Mlβkα(x0)

)
3(ξn − i)2(1 + ξ2

n)3

+
16ih′′(0)ξ2

n

(ξn − i)2(1 + ξ2
n)4

+
4ih′′(0)

(ξn − i)2(1 + ξ2
n)3

+
4i
(
h′(0)

)2
(2 + 3ξn + 10ξ2

n + 12ξ3
n − 4ξ4

n + 9ξ5
n)

(ξn − i)2(1 + ξ2
n)5

.

Therefore,

Case (14) = i

∫
|ξ′|=1

∫ +∞

−∞
trace

[
∂ξnπ

+
ξn
σ−2(D−2

T )σ−4(D−2
T )
]
(x0) dξnσ(ξ′) dx′

= sM (x0)
2πi

3!

[
1

(ξn + i)2

](3)∣∣∣∣
ξn=i

Ω5dx′ + s∂M (x0)
2πi

4!

[
14

9(ξn + i)3

](4)∣∣∣∣
ξn=i

Ω5 dx′

+
(
h′(0)

)2 2πi

6!

[
−53− 72ξn − 33ξ2

n − 288ξ3
n + 525ξ4

n − 216ξ5
n

6(ξn + i)5

+
217ξ6

n

6(ξn + i)5

](6)∣∣∣∣
ξn=i

Ω5 dx′ + h′′(0)
2πi

5!

[
−4(1− ξ2

n − 6ξ4
n)

(ξn + i)4

](5)∣∣∣∣
ξn=i

Ω5 dx′

+
(
48h′(0) + 2(h′(0))2

)2πi

4!

[
1

(ξn + i)3

](4)∣∣∣∣
ξn=i

Ω5 dx′

+

(
4T 2|V |2 − 21

(
(h′(0))2 − h′′(0)

)
− 1

2
sM −

21

2
(h′(0))2

)
× 2πi

3!

[
1

(ξn + i)2

](3)∣∣∣∣
ξn=i

Ω5 dx′ − 8h′(0)
2πi

4!

[
ξn

(ξn + i)3

](4)∣∣∣∣
ξn=i

Ω5 dx′
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+ 12
(
(h′(0))2 − h′′(0)

)2πi

2!

[
ξ2
n

(ξn + i)

](2)∣∣∣∣
ξn=i

Ω5 dx′

+ 96
(3

8

(
h′(0)

)2 − 1

4
h′′(0)

)2πi

2!

[
1

(ξn + i)

](2)∣∣∣∣
ξn=i

Ω5 dx′

=

(
−1

4
sM (x0)−

(
45

4
+

5i

8

)
h′(0)−

(
23

12
+

3i

2

)(
h′(0)

)2
+

235

64
h′′(0) +

47

96
s∂M (x0)− T 2|V |2

)
πΩ5 dx′.

Case (15): r = −4, ` = −2, k = 0, j = 0, |α| = 0. From (2.3), we have that

Case (15) = −i
∫
|ξ′|=1

∫ +∞

−∞
trace

[
π+
ξn
σ−4(D−2

T )

× ∂ξnσ−2(D−2
T )
]
(x0) dξnσ(ξ′) dx′.

By the Leibniz rule, the trace property and “+ +” and “−−” vanishing after the
integration over ξn in [7], we have∫ +∞

−∞
trace

[
π+
ξn
σ−4(D−2

T )∂ξnσ−2(D−2
T )
]
(x0) dξn

=

∫ +∞

−∞
trace

[
σ−4(D−2

T )∂ξnσ−2(D−2
T )
]
(x0) dξn

−
∫ +∞

−∞
trace

[
σ−4(D−2

T )∂ξnπ
+
ξn
σ−2(D−2

T )
]
(x0) dξn.

By Case (14), we obtain

i

∫
|ξ′|=1

∫ +∞

−∞
trace

[
σ−4(D−2

T )∂ξnπ
+
ξn
σ−2(D−2

T )
]
(x0) dξnσ(ξ′) dx′

=

(
−1

4
sM (x0)−

(
45

4
+

5i

8

)
h′(0)−

(
23

12
+

3i

2

)(
h′(0)

)2
+

235

64
h′′(0) +

47

96
s∂M (x0)− T 2|V |2

)
πΩ5 dx′.

By Lemma 3.1 and some calculations, we obtain

∂ξnσ−2(D−2
T )(x0)

∣∣∣
|ξ′|=1

=
−2ξn

(1 + ξ2
n)2

. (3.35)

By (3.33), (3.34), and (3.35), we get

trace
[
σ−4(D−2

T )∂ξnσ−2(D−2
T )
]
(x0)

= trace
[
σ−4(D−2)∂ξnσ−2(D−2)

]
(x0)− 2sMξn

(1 + ξ2
n)4
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+
192h′(0)ξn
(1 + ξ2

n)5
− 16(h′(0))2ξn

(1 + ξ2
n)5

+
12
(
(h′(0))2 − h′′(0)

)
ξn

(1 + ξ2
n)4

+
12(h′(0))2ξn

(1 + ξ2
n)2

− 16T 2|V |2

(1 + ξ2
n)4
−

32h′(0)
∑

k ξkξn
(1 + ξ2

n)3

−
48
∑

k<n ξkξ
2
n

(
(h′(0))2 − h′′(0)

)
(1 + ξ2

n)5
−

48ξ2
n

(
(h′(0))2 − h′′(0)

)
ξ3
n

(1 + ξ2
n)4

−
−384

∑
k<n ξkξ

2
n

(
3
8

(
h′(0)

)2 − 1
4h
′′(0)

)
(1 + ξ2

n)3

−
384

∑
k<n ξ

2
k

(
3
8

(
h′(0)

)2 − 1
4h
′′(0)

)
ξn

(1 + ξ2
n)3

,

where

trace
[
σ−4(D−2)∂ξnσ−2(D−2)

]
(x0)

=
ξn
(
h′(0)

)2
2(1 + ξ2

n)5
trace

[
c(ẽk)c(ẽn)c(ẽl)c(ẽn)

]
+

144
(
h′(0)

)2
ξ4
n

∑
k,l<n ξkξl

(1 + ξ2
n)5

−
(
h′(0)

)2∑
k,l<n ξkξl

2(1 + ξ2
n)4

trace
[
c(ẽk)c(ẽn)c(ẽl)c(ẽn)

]
− 4s(x0)ξn

(1 + ξ2
n)4

+
80ξn

∑
k,l<n ξkξl

∑
i<nR

∂M
ikil(x0)

3(1 + ξ2
n)5

+
96h′′(0)ξ3

n

(1 + ξ2
n)5
− 18ξnh

′′(0)

(1 + ξ2
n)5

−
64ξn

∑
k,l,γ,δ<n ξkξlξγξδ

3(1 + ξ2
n)6

∑
γ,δ<n

(
R∂Mkγlδ(x0) +R∂Mlγkδ(x0)

)
+

16ξn
∑

k,l<n ξkξl

3(1 + ξ2
n)5

∑
α,β<n

(
R∂Mkαlβ(x0) +R∂Mlβkα(x0)

)
− 64ξ3

nh
′′(0)

(1 + ξ2
n)6

−
16ξn

(
h′(0)

)2
(2 + 3ξn + 10ξ2

n + 12ξ3
n − 4ξ4

n + 9ξ5
n)

(1 + ξ2
n)7

.

By direct calculations, we get

−i
∫
|ξ′|=1

∫ +∞

−∞
trace

[
σ−4(D−2

T )∂ξnσ−2(D−2
T )
]
(x0) dξn = 3i(h′(0))2πΩ5 dx′.

Therefore,

Case (15) =
(−1

4
sM (x0)− (

45

4
+

5i

8
)h′(0)−

(23

12
− 3i

2

)(
h′(0)

)2
+

235

64
h′′(0) +

47

96
s∂M (x0)− T 2|V |2

)
πΩ5 dx′.

Now Φ is the sum of the Case (1), . . . , Case (15), so

Φ =
15∑
I=1

Case (I) =

(
−1

2
sM (x0) +

35

24
s∂M (x0)− 2T 2|V |2 −

(
45

2
+

5i

4

)
h′(0)
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+

(
45i

32
− 3947

384

)(
h′(0)

)2
+

(
247

32
− 45i

32

)
h′′(0)

)
πΩ5 dx′.

Hence we have the conclusion as follows.

Theorem 3.7. Let M be a 7-dimensional spin compact manifold with the
boundary ∂M . Then we get the volumes associated to the Witten deformation
DT on M̂ :

W̃res[π+D−2
T ◦ π

+D−2
T ] =

∫
∂M

(
−1

2
sM (x0) +

35

24
s∂M (x0)−

(
45

2
+

5i

4

)
h′(0)

−2T 2|V |2 +

(
45i

32
− 3947

384

)(
h′(0)

)2
+

(
247

32
− 45i

32

)
h′′(0)

)
πΩ5 dx′.

4. The gravitational action for 7-dimensional manifolds with
boundary

Firstly, we recall the Einstein–Hilbert action for manifolds with boundary
(see [17] or [18]),

IGr =
1

16π

∫
M
s dvolM + 2

∫
∂M

K dvol∂M := IGr,i + IGr,b, (4.1)

where
K =

∑
1≤i,j≤n−1

Ki,jg
i,j
∂M , Ki,j = −Γni,j , (4.2)

and Ki,j is the second fundamental form or the extrinsic curvature. Taking the
metric in Section 2, for n = 7, we have

K(x0) = −5

2
h′(0), IGr,b = −5h′(0)Vol∂M . (4.3)

Then we obtain

W̃res[(π+D−2
T )2]i = 0, (4.4)

W̃res[(π+D−2
T )2]b =

∫
∂M

Φ = Q0πΩ5Vol∂M , (4.5)

where

Q0 = −1

2
sM (x0) +

35

24
s∂M (x0)− 2T 2|V |2 −

(
45

2
+

5i

4

)
h′(0)

+

(
45i

32
− 3947

384

)(
h′(0)

)2
+

(
247

32
− 45i

32

)
h′′(0). (4.6)

By (4.1)–(4.6), we obtain

Corollary 4.1. Let M be a 7-dimensional compact spin manifold with the
boundary ∂M and the metric gM as above and let DT be the Witten deformation
on M̂ . Then

IGr,b = − 5h′(0)

Q0πΩ5
W̃res[(π+D−1

T )2]b.
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Теорема типу Кастлера–Калау–Вальце про
деформацiю Вiттена для 7-вимiрних многовидiв з

межею
Kai Hua Bao, Ai Hui Sun, and Kun Ming Hu

У цiй роботi ми методом повного перебору доводимо теорему типу
Кастлера–Калау–Вальце про деформацiю Вiттена для 7-вимiрних мно-
говидiв з межею i даємо теоретичне пояснення гравiтацiйної дiї для 7-
вимiрних многовидiв з межею.

Ключовi слова: деформацiя Вiттена, некомутативний залишок для
многовидiв з межею, низьковимiрний об’єм
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