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Membership Deformation of Commutativity
and Obscure n-ary Algebras

Steven Duplij

A general mechanism for “breaking” commutativity in algebras is pro-
posed: if the underlying set is taken to be not a crisp set, but rather an ob-
scure/fuzzy set, the membership function, reflecting the degree of truth that
an element belongs to the set, can be incorporated into the commutation re-
lations. The special “deformations” of commutativity and e-commutativity
are introduced in such a way that equal degrees of truth result in the “non-
deformed” case. We also sketch how to “deform” e-Lie algebras and Weyl
algebras. Further, the above constructions are extended to n-ary algebras
for which the projective representations and e-commutativity are studied.
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1. Introduction

Noncommutativity is the main mathematical idea of modern physics which,
on the one hand, is grounded in quantum mechanics, in which generators of the
algebra of observables do not commute, and, on the other hand, in supersymme-
try and its variations based on the graded commutativity concept. Informally,
“deformation” of commutativity in algebras is mostly a special way to place a
“scalar” multiplier from the algebra field before the permuted product of two ar-
bitrary elements. The general approach is based on the projective representation
theory and realized using almost commutative (e-commutative) graded algebras,
where the role of the multipliers is played by bicharacters of the grading group
(as suitable “scalar” objects taking values in the algebra field k).

Here we propose a principally new mechanism for “deformation” of commu-
tativity which comes from incorporating the ideas of vagueness in logic [22] to
algebra. First, take the underlying set of the algebra not as a crisp set, but as an
obscure/fuzzy set [23]. Second, consider an algebra (over k = C), such that each
element can be endowed with a membership function (representing the degree
of truth), a scalar function that takes values in the unit interval and describes
the containment of a given element in the underlying set [5]. Third, introduce
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a special “membership deformation” of the commutation relations, so to speak
the difference of the degree of truth, which determines a “measure of noncom-
mutativity”, whereby the elements having equal membership functions commute.
Such procedure can be also interpreted as the “continuous noncommutativity”,
because the membership function is usually continuous. Likewise we “deform”
e-commutativity relations and e-Lie algebras [20,21]. Then we universalize and
apply the above constructions to n-ary algebras [17] for which we also study
projective representations generalizing the binary ones [27].

2. Preliminaries

First recall the main features of the standard gradation concept and of gen-
eralized (almost) commutativity (or e-commutativity) [20,21].

Let k be a unital field (with unit 1 € k and zero 0 € k) and A = (A | -, +) be an
associative algebra over k having zero z € A and unit e € A (for unital algebras).
A graded algebra Ag (G-graded k-algebra) is a direct sum of subalgebras Ag =
@D, cc Ag, where G = (G | +') is a grading group (an abelian (finite) group with
“unit” 0 € ) and the set multiplication is (“respecting gradation”)

Ag -Ap C Ang’ha g9,h €G. (21)

The elements of subsets a = q;) € Ay with “full membership”are G -
homogeneous of degree g

g = deg (a(g)) = deg(a) = a’(g) =d c€G, a=agy €A, (2.2)

The graded algebra Ag is called a cross product if in each subalgebra A,
there exists at least one invertible element. If all nonzero homogeneous elements
are invertible, then Ag is called a graded division algebra [8]. The morphisms
¢ : Ag — Bg acting on homogeneous elements from A; should be compatible
with the grading ¢ (4y) C By, g € G, while ker ¢ is a homogeneous ideal. The
category of binary G-graded algebras G-Alg consists of the corresponding class
of algebras and the homogeneous morphisms (see, e.g., [4,8]).

In binary graded algebras there exists a way to generalize noncommutativity
such that it can be dependent on the gradings (“coloring”). Indeed, some (two-
place) function on grading degrees (bicharacter), a (binary) commutation factor
@ @ x G = k* (where kX =k \ 0) can be introduced [20,21] as

a-b=¢e® (a', b’) b-a, abe A, d,Veaq. (2.3)

The properties of the commutation factor £2) under double permutation and
associativity

@ (a',b’) e (b',a’) =1, (2.4)
@ (a’, b+ c’) =c® (a’, b') e (a’, c’) , (2.5)
@ (a' + v, c’) =@ (a’, c’) @ (b’,c’) , a,b,cdeaq, (2.6)
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make £ a special 2-cocycle on the group G [4]. The conditions (2.4)—(2.6) imply
that £® (a’,¥) # 0, (5(2) (a’,a’))2 =1,c@(d,0) =®(0,d/) =1, and 0 € G.
A graded algebra Ag endowed with the commutation factor e satisfying (2.3)-
(2.6) is called an almost commutative (¢?)-commutative, color) algebra [20,21]
(for a review, see [10]).

The simplest example of a commutation factor is a sign rule

&) (a’,b’) = (—1)<a,’b/) , (2.7)

where (-,-) : G X G — Zg is a bilinear form (“scalar product”), and for G = Z»
the form is a product, i.e. (a/,b') = a'b/ = gh € Zy. This gives the standard
supercommutative algebra [3,15,19].

In the case G = Z%, the “scalar product” (-,-) : G x G — Z is defined by (see

(2.2))
((dy...al), (). 0)) = by 4.+ aby = giha+ ...+ gohn €Z, (2.8)

which leads to Zj-commutative associative algebras [7].
A classification of the commutation factors ¢ can be made in terms of the
factors, binary Schur multipliers, 72 : G x G — k* such that [21,26]

(2 (a/’ b/)

@ (o) = 7
e (V) @ (¥, a')’

™

a, b eq. (2.9)

The (Schur) factors 73 naturally appear in the projective representation
theory [27] and satisfy the relation
72 (a/, b+ c’) 72 (b/, c’) =7® (a/, b/) 72 (a' +V, c’) , ad b eq,  (2.10)

which follows from associativity. Using (2.9), we can rewrite the e(?)-commutation
relation (2.3) of the graded algebra Ag in the form

72 (b’, a’) a-b=r? (a’, b’) b-a, abeA d,beq. (2.11)

We call (2.11) a m-commutativity. A factor set {Ws(gzn} is symmetric if

o (V5 d') = 7, (o',0) (2.12)
e (V) =1, dVeg, (2.13)
sym

and thus the graded algebra Ag becomes commutative.
For further details, see Section 5 and [20,21].

3. Membership function and obscure algebras

Now let us consider a generalization of associative algebras and graded al-
gebras to the case where the degree of truth (containment of an element in the
underlying set) is not full or distinct (for a review, see, e.g., [23,25]). In this
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case, an element a € A of the algebra A = (A |-, +), over k, can be endowed
with an additional function, the membership function p : A — [0,1], 0,1 € k,
which “measures” the degree of truth as a “grade of membership” [5]. If A is a
crisp set, then p € {0,1} and P (a) = 1 if a € A and pu*P (a) = 0 if a ¢ A.
Also, we assume that the zero has full membership p(z) =1, z € A (for details,
see, e.g., [23,25]). If the membership function p is positive, we can identify an
obscure (fuzzy) set A" with support the universal set A consisting of pairs

AW = {(alpu ()}, a€ A u(a)>0. (3.1)

Sometimes, instead of the operations with obscure sets it is convenient to
consider the corresponding operations only in terms of the membership function
w itself. Denote a A b = min{a,b}, a Vb = max{a,b}. Then, for inclusion C,
union U, intersection N and negation of obscure sets, one can write p (a) < p (b),
pla) Vo (b), pla) Ap(b), 1 —pla), a,be AW, respectively.

Definition 3.1. An obscure algebra A (u) = <Ql(“) | -,+) is an algebra over

k having an obscure set 2" as its underlying set, where the following conditions
hold:

pla+b) = p(a) Ap(b), (3-2)
p(a-b) = p(a) Ap(b), (3-3)
w(ka) > p(a), abe A, kek. (3.4)

Definition 3.2. An obscure unity n is given by n(a) = 1 if a = 0, and
n(a) =0if a # 0.

For two obscure sets their direct sum 2A® = AWo)q AWn) can be defined
if g A pp, = 1 and the joint membership function has two “nonintersecting”
components

p(a) = g (a(g)) V ph (a(h)) y g N\ pip =1, (3.5)
a=ag) +amp), a€ A, agg) € (1) ag) € (kn), g,h € G, (3.6)

satisfying
1 (ag) - amw) = tg () A pn (am)) - (3.7)

Definition 3.3. An obscure G-graded algebra is a direct sum decomposition
Ag (1) = €D, A o) (33)
such that the relation (2.1) holds and the joint membership function is

w(a) = gé/Gug (a(g)) , a= Z a(g)s ac 91(“), aeg) € Ql(“g), geG. (3.9)
geG
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4. Membership deformation of commutativity

The membership concept leads to the question whether it is possible to gen-
eralize commutativity and e(®)-commutativity (2.3) for the obscure algebras. A
positive answer to this question can be based on a consistent usage of the mem-
bership p as ordinary functions which are pre-defined for each element and satisfy
some conditions (see, e.g., [23,25]). In this case, the commutation factor (and
the Schur factors) may depend not only on the element grading, but also on the
element membership function u, and therefore it becomes “individual” for each
pair of elements, and moreover it can be continuous. We call this procedure a
membership deformation of commutativity.

4.1. Deformation of commutative algebras Let us consider an obscure
commutative algebra A () = (AW | -, +) (see Definition 3.1), in which a - b =
b-a, a,b € AW, Now we “deform” this commutativity by the membership
function p and introduce a new algebra product () for the elements in A to get
a noncommutative algebra.

Definition 4.1. An obscure membership deformed algebra is A (u) =
<Ql(“) | *, +> in which the noncommutativity relation is

pb)axb=p(a)bxa, abeAM. (4.1)

Remark 4.2. The relation (4.1) is a reminiscent of (2.11), where the role of
the Schur factors is played by the membership function p which depends on the
element itself, but not on the element grading. Therefore, the membership defor-
mation of commutativity (4.1) is highly nonlinear as opposed to the gradation.

As in our consideration the membership function g cannot be zero, it follows
from (4.1) that

axb= e,(f) (a,b)bx*a, (4.2)
@) (g p) = H () b (1)
€ (a, , a,be AW, 4.3
where 69) is the membership commutation factor.

Corollary 4.3. An obscure membership deformed algebra A, (u) is a (kind
of) €u-commutative algebra with a membership commutation factor (4.3) which
now depends not on the element gradings as in (2.9), but on the membership
function u.

Remark 4.4. As can be seen from (4.3), the noncommutativity “measures”
the difference between the element degree of truth and A . So, if two elements
have the same membership function, they commute.

Proposition 4.5. In A, (i), the membership function satisfies the equality

(cf (3.4))
pka)=p(a), ac2AW, kek. (4.4)
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Proof. From the distributivity of the scalar multiplication & (a * b) = ka*xb =
a * kb and the membership noncommutativity (4.1), we get

w(b) ka b= pu(ka)bx*ka,
w(kb)a* kb= p(a)kbx*a.

So, pi (ka) (kb)) = p(a) u(b), a € AW, k €k, and thus (4.4) follows. O

In general, the algebra A, (1) is not associative without further conditions
(for instance, similar to (2.10)) on the membership function p which is assumed
predefined and satisfies the properties (3.2)—(3.3) and (4.4) only.

Proposition 4.6. The obscure membership deformed algebra A, () cannot
be associative with any additional conditions on the membership function .

Proof. Since the e-commutativity (2.3) and the e-commutativity (4.2) have
the same form, the derivations of associativity coincide and give a cocycle relation

similar to (2.5)—(2.6) also for e,(f), e.g.,

6&2) (a,bxc) = eff) (a,b) ef) (a,c). (4.7)

This becomes p (a) = w(b) p(c) /1 (b*c) in terms of the membership function
(4.3), but it is impossible for all a,b,c € 2. On the other side, after double
commutation in (a*b)xc — c* (bxa) and a * (b*c) — (¢c*b) x a we obtain (if
the associativity of (x) is implied)

el(f) (a,bx*c) ef) (b,c) = 6,&2) (axb,c) ef) (a,b), (4.8)

which in terms of the membership function becomes p (b)* = p(a*b) (b c),
and this is also impossible for arbitrary a,b, ¢ € A1) O

Nevertheless, distributivity of the algebra multiplication and algebra addition
in A, (p) is possible, but can only be one-sided.

Proposition 4.7. The algebra A, (n) is right-distributive, but has the mem-
bership deformed left distributivity

pwb+c)ax(b+ec)=pd)axb+pu(c)axc, (4.9)
(b+c)xa=bxa+cxa, a,bcecAW, (4.10)

Proof. Applying the membership noncommutativity (4.1) to (4.9), we obtain
w(a)(b+c)xa=p(a)b*xa+ pu(a)cx*a, and then (4.10), because p > 0. O

Theorem 4.8. The binary obscure algebra A, (1) = (AW | %, +) is nec-

essarily nonassociative and eg)-commumtive (4.2), right-distributive (4.10) and

membership deformed left distributive (4.9).
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Remark 4.9. If membership noncommutativity is valid for generators of the
algebra only, then the form of (4.2) coincides with that of the quantum polynomial
algebra [1], but the latter is two-sided distributive, in distinction to the obscure
algebra A, (u).

Example 4.10 (Deformed Weyl algebra). Consider an obscure algebra
Weyl
AT () = (A0 | 0, +)

generated by two generators z,y € M satisfying the Weyl-like relation (cf.

(4.1))
p)xoy=pE)yox+ulzroy)e, z,y, e € AW, (4.11)

We call A\geyl (1) a membership deformed Weyl algebra. Because the member-
ship function is predefined and p(z ® y) is not a symplectic form, the algebra
Ageyl (1) is not isomorphic to the ordinary Weyl algebra (see, e.g., [16]). In the
same way, the graded Weyl algebra [24] can be membership deformed in a similar
way.

Remark 4.11. The special property of the membership noncommutativity is
the fact that each pair of elements has their own “individual” commutation factor
e which depends on the membership function (4.3) that can also be continuous.

4.2. Deformation of e-commutative algebras. Here we apply the mem-
bership deformation procedure (4.1) to the obscure G-graded algebras (3.8) which
are £(@-commutative (2.3). We now “deform” (2.11) by analogy with (4.1).

Let Ag(n) be a binary obscure G-graded algebra (3.8) which is (-
commutative with the Schur factor 7(?) (2.9).

Definition 4.12. An obscure membership deformed @ -commutative G-
graded algebra is Ag, (u) = (A" |, +) in which the noncommutativity relation
is given by

w(b) 72 (b', a') axb=pu(a) 72 (a', b’) bxa, abeAW, o ¥ eq. (4.12)
Both functions 7(?) and p being nonvanishing, we can combine (2.9) and (4.3).

Definition 4.13. An algebra Ag, (1) is called a double 5&2)/6L2)-commutative
algebra when

axb= 69 (a’, b') el(f) (a,b)b*xa, a,be AW o' b e (4.13)

@ _ pla) 414

) (a.) = 25 (1.14)
2) (4 B

e® (a1 = T (a,b) (4.15)

(2 (b/, a/)’
where z—:g) is the grading commutation factor and 6&2) is the membership commu-
tation factor.
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In the first version, we assume that e? is still a cocycle and satisfies (2.4)-

(2.6). Then in Ag, () the relation (4.4) is satisfied as well, because the Schur
factors cancel in the derivation from (4.5)—(4.6). For the same reason Assertion

4.6 holds, and therefore the double &) / e,(f)—commutative algebra Ag, (1) with
the fixed grading commutation factor 5&2) is necessarily nonassociative.

As the second version, we consider the case when the grading commutation
factor does not satisfy (2.4)—(2.6), but the double commutation factor does satisfy
them (the membership function is fixed, being predefined for each element), which

can lead to an associative algebra.

Proposition 4.14. A double 5,(,2,2/68)—commutative algebra

Aga (1) = (20 | @, +)

with

a®b= 6%2 (a/,0) 6&2) (a,b)b® a, eff) (a,b) = ZEZ)) (4.16)
is associative if the noncocycle commutation factor 57(72,2 satisfies the “membership
deformed cocycle-like” conditions

1
@) (b)) (W, d) = (4.17)
Expa,b) ey (b,a , .
! ( ) g ( ) ef?) (a,b) eg) (b,a)

el(?) (a,b) ef?) (a,c)

5£r2) a/,b/—{—cl :€Sr2) a’,b/ 57(r2) a/,c/ ’ 4.18

2 ( ) = e (@) e (d, ) P wbeo (4.18)
(2) (2)

57(32 (a/ +¥, c’) = 57(32 (a', c') f-:flz (b’,c’) & _(@c) e (b, c), (4.19)

622) (a®b,c)
for all a,b € AW and o',V € G.

Proof. Now indeed the double commutation factor (the product of the grading

and membership factors) 6@6&2) satisfies (2.4)—(2.6). Then (4.17)—(4.19) imme-
diately follow. O

We can find the deformed equation for the Schur-like factors (similar to (4.17)—
(4.19))

T (a, )
7 (b a)

such that the following “membership deformed” commutation takes place (see
(4.16)):

e@ (d, V) = (4.20)

W&Z) (b’, a’) wb)a®b= WISQ) (a', b’) p(a)b®a, a,be AW oY e G, (4.21)

and the algebra Agg (1) becomes associative in distinct with (4.12), where the

grading commutation factor e satisfies (2.4)—(2.6) and the algebra multiplica-
tions (%) are different.
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Thus the deformed binary Schur-like factors 7T,(L2) of the obscure membership

deformed associative double commutative algebra Agg (1) satisfy

) (a’,b’ 4 c’) 7TELQ) (b/,c’) _ 7-[-/(1,2) (a’,b’) ﬂ'l(?) (a' + b/,c/) pla®b) (4.22)

: WION

forall a,b € A" and o', b’ € G, which should be compared with the corresponding
nondeformed relation (2.10).

4.3. Double ce-Lie algebras. Consider the second version of an obscure
double 57(32 / 6&2)—commutative algebra Agg (1) defined in (4.16)—(4.19) and con-
struct a corresponding analog of the Lie algebra by following the same procedure
as for associative e-commutative algebras [18, 20, 21].

Take Age (1) and define a double ee-Lie bracket L., : A @ AW — A1) by

Lec[a,b) =a®b— 5532 (a’, b’) eg) (a,D)b®a, a,be AW o ¥ e G, (4.23)
() ()

where €7, and €, are given in (4.16) and (4.20), respectively.

Proposition 4.15. The double ee-Lie bracket is ee-skew commutative, i.e. it

D).

satisfies double commutativity with the commutation factor (—Eﬂueu

Proof. Multiply (4.23) by 5532 ¥, a) e,(?) (b,a) and use (4.17) to obtain

57(32 (V',d) el(f) (b,a) Lec [a,b] = 6532 (v',d) e,(f) (bya)a®b—b®a= —Lg[b,a].

Therefore,
Lec [a,b] = —£) (a', V) €2 (a,b) Lec [b, a], (4.24)
which should be compared with (4.16). O

Proposition 4.16. The double ce-Lie bracket satisfies the membership de-
formed ee-Jacobi identity

5;23 (a/,0) eff) (a,b) Lee [a, Lec [b, €]] + cyclic permutations = 0,
a,b,ce AW, a,v,ded. (4.25)
Definition 4.17. A double ce-Lie algebra is an obscure G-graded algebra
with the double ee-Lie bracket (satisfying the ee-skew commutativity (4.24)

and the membership deformed Jacobi identity (4.25)) as a multiplication, i.e.
Agr () = (AW | Le, +).

5. Projective representations

To generalize the e-commutative algebras to the n-ary case, we need to intro-
duce n-ary projective representations and study them in brief.
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5.1. Binary projective representations. First, recall some general prop-
erties of the Schur factors and corresponding commutation factors in the projec-
tive representation theory of Abelian groups [26,27] (see also [14] and the unitary
ray representations in [2]). We show some known details in our notation which
can be useful in further extensions of the well-known binary constructions to the
n-ary case.

Let H® = (H|+) be a binary Abelian group and f : H® — £@) |
where £2) = (EndV | o), and V is a vector space over a field k. A map f is
a (binary) projective representation (o-representation [26]) if f(x1) o f (z2) =
7r(()2) (x1,22) f (x1 + 22), 21,22 € H, and 7T(()2) :H® x HP) — kX is a (Schur)
factor, while (o) is a (noncommutative binary) product in End V'). The “associa-
tivity relation” of factors follows immediately from the associativity of (o) such
that (cf. (2.10))

(2) 2) (2) (

. 2 .
78D (w1, w2 + 23) 752 (w0, w3) = 7 (@1, ) 7 (w1 + w2, w3) ,

r1,x2,x3 € H. (51)

Two factor systems are equivalent {77(()2)} R {fr(()Q)} (or associated [27]) if
there exists A : H(?) — k* such that

)\(‘Tl))\(.ﬁz) (2)
)\($1$.’E2) 0

(2)

7y (z1,22) = (r1,22), x1,29 € H, (5.2)

and the ﬁéQ)—representation is given by f (z) = A(z) f (z), x € H. The cocycle

condition (5.1) means that 77(()2) belongs to the group Z?2 (7—[(2), kx) of 2-cocycles of

H@ over k™, the quotient {w(()2)} / 2 gives the corresponding multiplier group, if
k = C, and, in the general case, coincides with the exponents of the 2-cohomology
classes H? (H(Q),]k) (for details, see, e.g., [10,26,27]).

The group H? is Abelian, and therefore we have (cf. (2.11))

2o, 1) 752 (21, 29) f (a1 + 22)

(z1,22) f (22) © f (71), (5.3)

w52 (wa,a1) f (21) o f (22) =7

which allows us to introduce a (binary) commutation factor 5%) cHE x HE) -
k* by (see (2.3), (2.9))

(2)

T (.231, x2)

) (1. 2) = 1L72) 5.4
o (71, 72) 7['[()2) (w2, 1) o
f(@1)o f(22) =P (x1,22) f (z2) 0 f (1), 1,72 € H, (5.5)

with the obvious “normalization” (cf. (2.4))
6%) (x1,x2) 5530) (r2,21) =1, 65?0) (r,z)=1, z1,20,2 € H, (5.6)

which will be important in the n-ary case below.
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The multiplication of the commutation factors follows from different permu-
tations of the three terms:

f)of(a)of(x2) = (y,fv1)f($1)0f(y)0f($2)
= 5(2 (y,x ) (y,$2)f(901) o f(x2)o f(y)
& (@1 w2) £ (y) o f (21 + 22)
(o1 +2) (m” (21,22) f (@1 +22)) o f (9)
(y, 21+ 32) f (1) 0 f(22) 0 f (y), @122,y € H.  (5.7)

Thus, it follows that the commutation factor multiplication is (and similarly
for the second place, cf. (2.5)—(2.6))

%
22

e (y, w1+ wo) = el (y,21)e8) (y,22) . w1, w0,y € H, (5.8)
which means that 5%) is a (binary) bicharacter on H?), because for Xz(/z) (x) =

(2)

exno (y, ) we have
X (@1) X{P (w2) = X (21 + 22),  @1,20 € H. (5.9)

Denote the group of bicharacters Xg(f) on H? with the multiplication (5.9)

by B®)(H?) k). We observe that the mapping 7['( ) egro) is a homomorphism of
7?2 (H(z),kx) to B®)(H?) k) whose kernel is a subgroup of the 2-coboundaries
of H® over k* (for more details, see [27]).

5.2. n-ary projective representations. Here we consider some features
of n-ary projective representations and corresponding particular generalizations
of binary e-commutativity.

Let HW = <H | [ ](f)> be an n-ary Abelian group with the totally com-
mutative multiplication | ](»n), and the mapping f : K™ — £ | where £ =
<EndV\ [ > (for general polyadic representations, see [12] and references

therein). Here we suppose that V' is a vector space over a field k, and [ ]g") is an
n-ary associative product in End V', which means that

PG f @ F @) oo f ()]

= 7|7 @) [F @)oo f )l f () oo S (20m)

= 7[F @) S @) f ) 1 ) T )] 5.00)

Definition 5.1. A map f is an n-ary projective representation if

(1) s f ()] =7 (2, ) f ([xl,...,xn]@) . 21,... 20 € H,
(5.11)
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n
and TF(()n) cH™ . x HM™ - kX is an n-ary (Schur-like) factor.
Proposition 5.2. The factors Tr[()n) satisfy the n-ary 2-cocycle conditions

(cf. (5.1))

W(()n) (T1y. .y xp) 77(()”) <[m1, e xn]g) Tt 1y - e - ,xgn_1>
= W(()n) (2., Tnt1) 77(()”) <:U1, [x2, ..., $n+1]$) s Tt 2y - - - ,»T‘anl)
= W(()n) (Tny vy Tpt1) W(()n) (:(:1, ey Ty [Ty ey xgn_l]f)> ,

Ti,...,Ton—1 € H. (5.12)

Proof. These immediately follow from the n-ary associativity in End V' (5.10)
and (5.11). O

Two n-ary factor systems are equivalent {71'(()”)} 2 {7?(()")} if there exists A :
H(™ — k> such that

~(n)

7y (x1,...,Tn) =

Az A (x2) ...\ (xn)ﬂ_(()n)
A ([:cl, cee xn]ﬁz)>

(1,...,2n), x1,22 € H, (5.13)

and the ﬁén)-representation is given by f (z) = A (z) f (z), x € H.

To understand how properly and uniquely to introduce the commutation fac-
tors for m-ary projective representations, we need to consider an n-ary analog of
(5.3) (see also (2.11)).

Proposition 5.3. The commutativity of a w(()n)—representatz'on is given by
(n! — 1) relations of the form

71'(()”) (330—(1), - xa(n)) [f (z1),..., f (xn)]on)

= 7T((]n) ($17 cee 73371) [f (xa(l)) IR f (xo(n))]gn) ) (514)
where o € S, 0 # 1, Sy, is the symmetry permutation group on n elements.

Proof. Using the definition of the n-ary projective representation (5.11), we
obtain for the left-hand side and right-hand side of (5.14)

1 (Zo 1)y - Totuy) T (@1, - 20) ([a:l, . ,mn]@> (5.15)
and
7T((]n) (l‘lv v ,xn) 7T(()n) (:Eo(l)a cee ,xa(n)) f ([l‘o‘(l)v v ’xa(n)]f)) ’ (516)

respectively.
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Since H(™ is totally commutative

[xl,...,xn]g:‘): [ma(l),...,wa(n)h , X1,...,Tp € H o€, (5.17)

then f ([xl, .. ,m@) =f ([:cg(l), el $o(n)]§?))~ Taking into account all non-

identical permutations, we get (n! — 1) relations in (5.14). O

Corollary 5.4. To describe the noncommutativity of an n-ary projective rep-
resentation, we need to have not one relation between Schur factors (as in the
binary case (5.3) and (2.11)), but (n! — 1) relations (5.14). This leads to the
concept of the set of (n! — 1) commutation factors.

Definition 5.5. The commutativity of the m-ary projective representation
with the Schur-like factor 71'(()") (x1,...,xy) is governed by the set of (n!—1)
commutation factors

(n)
n n iy Tlye.oy3Ty
51(;()1),...,0(71) = 52()1),...,17(71) (21,05 2n) = (n)o (o ) . (5.18)
T (To(1) - Tan)
[F @1) s f @] =80 [ @) oo £ (o) (5.19)

where o € 5,,. We call all 5((:2)1) o(n) A2 commutation factor “vector” and

denote it by &, where its components will be enumerated in lexicographic order.

Thus, each component of € is responsible for the commutation of any two n-
ary monomials with different permutations o, 0’ € S,, since from (5.19) it follows
that

[f (or) oo f ()]

= Effn(‘)l),...,a(n) (xo’(l)v s ,.’Bal(n)) [f (.%'0(1)) yee ey f (xa(n))]in) s (520)

It follows from (5.18) that an n-ary analog of the normalization property (5.6)

is
oy (o To@y) =1, (5.21)
657),n (x,---,l') - 1, (522)

77777777

where 0,0’ € S,,, x1,...,2,,x € H.

In this notation, the binary commutation factor (5.4) is sﬁ?o) (r1,22) =
2
Egl) (1, x2).
Example 5.6 (Ternary projective representation). Consider the minimal non-
binary case n = 3. The ternary projective representation of the Abelian ternary
group H®) is given by

[f (1), f (z2), f (w3)] = mo (z1, 22, 23) f (v1 + 22+ 23), @1,22,23 € H, (5.23)
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where we denote 7T(()3) =m0, [ |®) =[ ] and [21, 2o, acg](f’) =z + 29 + 23.

The ternary 2-cocycle conditions for the ternary Schur-like factor mg now
become

7o (21, T2, x3)m (1 + x2 + 3, 24, T5)
= mo (z2, x3, 4) ™o (1, T2 + 3 + x4, T5)
= 7o (.CC3,.CC4,$5) 0 (x1,$2,$3—i—x4—i—565). (5.24)

Thus, we obtain (3! — 1) = 5 different ternary commutation relations and the
corresponding 5-dimensional “vector” &

[f (21), f (22), f (23)] = €51)0200(3) [f (2o) + [ (20(2)) » f (20(3))] , (5.25)
x1,%2,T3) mo (21, 2, T3

1)

( . Z1,22,T3 )
€132 = —, - — 7 N )

o( 7o (T2, 21, x3)

7o (

(

mo ( ) _
T1,T3,T2 (l’ T3, T 1)7 218 =
mo (
7o (

Z1,T2,T3

€312 = ;, x1,T2,x3 € H, 0 €S53, (5.26)

)
T1,T2,T 3)
—)) €321 =

Z3,T1,T2 x3,T2,T1

6. n-ary double commutative algebras

6.1. n-ary e-commutative algebras. Here we introduce grading noncom-
mutativity for n-ary algebras (“n-ary coloring”), which is closest to the binary
“coloring” case (2.3). We are exploiting an n-ary analog of the (Schur) factor (2.9)
and its relation (2.11) by means of the n-ary projective representation theory from
Section 5.

Let A = <A | ] ](n) ,+> be an associative n-ary algebra [6,11,17] over a
binary field k (with the binary addition) having zero z € A and unit e € A if A™)
is unital (for polyadic algebras with all nonbinary operations, see [13]). An n-ary
graded algebra .A(gn) (an n-ary G-graded k-algebra) is a direct sum of subalgebras
.Agl) = @ cc Ay, Where G = (G | +') is a (binary Abelian) grading group and
the set n-ary multiplication “respects the gradation”

[Agys- o A )™ C Agvr g Gis-- s gn € G (6.1)

As in the binary case (2.2), the elements from A, C A are homogeneous of
degree o' = g € G.

It is natural to start our n-ary consideration from the Schur-like factors (5.12)
which generalize (2.10) and (5.1).

Definition 6.1. In an n-ary graded algebra A(n), the n-ary Schur-like factor
n

———
is an n-place function on gradings 7(™ : G x ... x G — A satisfying the n-ary
cocycle condition (cf. (2.10) and (5.12)):

n !/ !/ n !/ !/ /
7'('()(@1,... a)ﬂ()<[a1,...,a ,anH,...,aanl)

/ / ] (n)

_ . (n) (, / (n) (1 / /
T (a2,...,an+1)7r al,[a2,...,an+1 N N (£ Y |
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— () (a;” .. ,a;H_l) ) (a’l, .. ,ail_l, [a;l, ey algn_l] (n)) )
aj,...,ah, 1 €G. (6.2)
There are many possible ways to introduce noncommutativity for n-ary al-
gebras [9,17]. We propose a “projective version” of noncommutativity in Aén)

which naturally follows from the n-ary projective representations (5.18) and can
be formulated in terms of the Schur-like factors as in (2.11) and (5.14).

Definition 6.2. An n-ary graded algebra A(gn) is called m-commutative if the
(n! — 1) relations (cf. (5.14))

s (“2(1)7 = 7a2(n)) las, .. an]™

=7 (ah, o 0h) [agays o to] " (63)

hold for all ay,...,a, € A, and o € S, 0 # I, where 7" are the n-ary Schur-like
factors satisfying (6.2).

Two n-ary Schur-like factor systems are equivalent {77(")} 2 {fr(”)} if there
exists A : Aén) — k> such that (cf. (5.13))

_ (@) A (ap)
b ([a;, N .,agl](")>

The quotient, by this equivalence relation {W(")} / 23, is the corresponding
multiplier group as in the binary case [21].
Let ¢ € Aut G and {71'(”)} be a factor system, then its pullback

n) (0 al) =70 (o (ah) o () (6.5)
(n)

is also a factor system {77* } In the n-ary case, the “homotopic” analog of (6.5)

W(")(all,... ap), aj,...,ay € G. (6.4)

r'n

is possible

m(ﬁ) (a/1, - ,a/n) = (901 (all) 1o Pn (a%» ? (6.6)

where @1, ..., v, € Aut G such that {m{z)} is also a factor system.

Comparing (6.3) with the binary m-commutativity (2.11), we observe that the
)

most general description of n-ary graded algebras A(gn
at least (n! — 1) commutation factors.

can be achieved by using

Definition 6.3. An n-ary graded algebra A(gn) is ¢(™-commutative if there
are (n! — 1) commutation factors

™ (d),...,ad)

w(n) (a;(l), ... ,a;(n)> 7

(n)

€o(1),..0(n)

= 55:2)1),...,0(71) (a1 ap) =
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[al’ s 7an] - o—ré)l),_._,o—(n) [aa(l)a s 7a0'(n)] e ) (68)

n)

where o € S,,, 0 # I, and the factors 7(®) satisfy (6.2). The set of 5((7(1) o(n) isa

commutation factor “vector” & of the algebra .A(gn) having (n! — 1) components.

Each component of the “vector” 7 s responsible for the commutation of two
n-ary monomials in .A(gn) such that from (6.8) we have

=&

[ty @] ™ = 2500y (@i Gy [a0ays s3] ™ (6.9)

with permutations o,0’ € S,,.
It follows from (5.18) that an n-ary analog of the normalization property (5.6)
is

(n) _
o(1),....0(n) (a;’(l)’ o "a;’(n)) €57(1),....0" (n) (a;(1)7 - ’a;'('n,)> =1, (6.10)
e (d,...d)=1,  (6.11)

where 0,0’ € Sy, a},...,a,,d € G.

If p € Aut G and {77£")} is a pullback of {W(”)} (6.5), then the corresponding

(n) ¢ s !
" s (ay,...,al)
ia)a),...,a(n) (a1, an) = =57 : )
T (aa(l), cy aa(n))

€ S a,
are commutation factors as well (if k is algebraically closed by analogy with [21]).

(6.12)

The same is true for their “homotopic” analog {Trff;‘)} (6.6).

Definition 6.4. A factor set {W(”)} is called totally symmetric if 2 is the
unit commutation factor “vector”such that all of its (n! —1) components are
identities (in k)

£ (ah,...,ap) =1, oc€8p,0#1, al,...,a, €G. (6.13)

o(1),...,0(n) vmn

Suppose we have two factor sets {71'5”)} and {Wén)} which correspond to the

same commutation factor (™ in A(gn) such that

(n) (1 !
n m o (a),...,al)
g0ty oy (10 4h) = CI /
m (aa(l), . ,ag(n))
__ m(aha)) (6.14)



Membership Deformation of Commutativity and Obscure n-ary Algebras 457

We can always choose the same order for the commutation factor “vector” com-
ponents ¢. Define a new factor set {ﬂ'gg)} by

(n) (1 ’
Ty (ay, ... ap)
ng) (ah,....a,) = W%n) (all (;), ay,...,a, €G. (6.15)
2 1 ¥n

Then {ﬂg)} becomes totally symmetric, because the corresponding commu-
nication factor is

(n) ¢ 1 !

n mo (a],...,ay
E§2?a(1),...,o‘(n) (a1, ap) = ) 1z () ) =1 (6.16)
o (a;(l), .. .,a;(n))

as follows from (6.14)—(6.15). Therefore, as in the binary case, if the grading
group G is finitely generated and k is algebraically closed, then the communication
factor (™ is constructed from the unique multiplier {77(")} [21].

There are two possible differences from the simple binary case (2.13), where
for identity commutation factor the symmetry condition (2.12) is sufficient:

1) Not all £ need to be equal to the identity.

2)  Some arguments of the Schur-like factors 7(™) can be intact.

Definition 6.5. An ¢(™-commutative n-ary graded algebra A(gn) is called
m-partially (or partially) commutative if exactly m commutation factors (with
permutations &) from the (n! — 1) total are equal to 1,

(a'l,...a'):l, #6 < #o0, 0 €Sy, dy,...,a, €q, (6.17)

o) o,

a(1),...,6(n)

where we denote #6 = m, #o = n! — 1. If #6 = #o, then .Aé»n) is totally
commutative, see (6.13).

In an m-partially commutative n-ary graded algebra .A(gn), the Schur-like fac-
tors 7(™ satisfy m additional symmetry conditions (cf. (2.12))

7_‘_(71) (a’l, NN 70’;’1) = 7.[.(71) (a,a_(l), PN ,a:}(n)) s #5' < #O', S Sn (618)

Example 6.6 (Ternary e-commutative algebra). Let Ag) = (A|[ ],+) be
a ternary associative G-graded algebra over k. The ternary Schur-like factor
mo (a}, ab, a%) satisfies the ternary 2-cocycle conditions (cf. (5.24))

3 /YA 3 ! / ror
7T( ) (a17a27a3) 7T( ) (al +a2 + a37a4>a5)
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We can introduce (3! — 1) = 5 different ternary commutation relations explic-
itly,

lai, a2, as] 26((,3()1)0(2)0(3) [a0(1), A0 (2): Ao(3)] s a1,a2,a3 € A, o € Ss, (6.20)
() _ P (dhabah) @) 7@ (al,ahah) ) 7 (a),ah, a)
92 730 (adg,ap)” P 7O (ah ) T O (a0, )
B) (o o A B) (o o A
3) ™ (a17a27a3) (3) ™ (a17a27a3) A
=L 0% %) - , dldydie G (621
T (dapag) T RO () S (02

The 1-partial commutativity in .A(gg) can be realized if, for instance,

3)

7l (a},ah, ay) = 7 (ah,as,ah), al,ay,a5 € G, (6.22)

and in this case, Eg)g = 1 so that we obtain one commutativity relation

la1, a2, a3] = [a1,a3,a2], ai,a2,a3 € A, (6.23)

while the other 4 relations in (6.20) will be e-commutative.

6.2. Membership deformed n-ary algebras. Now we consider n-ary
algebras over obscure sets as their underlying sets, where each element of them
is endowed with the membership function p as a degree of truth (see Section 3).

Definition 6.7. An obscure n-ary algebra A™ (1) = <91(“) 11 ™ ,+> is an

n-ary algebra A" over k having an obscure set A" = {(a|u (a)),a € A, u > 0}
as its underlying set (see (3.1)), and where the membership function p (a) satisfies

p (a1 + az) = min{p (a1),pu(az)}, (6.24)
p(lat,. .. ayl,) > min{pu(ar),...,u(an)}, (6.25)
w(ka) > p(a), a,a;, €A, kek, i=1,...,n. (6.26)

Definition 6.8. An obscure G-graded n-ary algebra .A(gn) (1) is a direct sum
decomposition (cf. (3.8)),

AG () = B, _ AT (o) (6.27)

geG 9

where A1) = Ugegi’l(g“g), Alkg) = {(alpg (a)),a € Ag, g = (0,1]}, and the joint
membership function u is given by (3.9).

In the obscure totally commutative n-ary algebra .A(gn) () (for homogeneous
elements) we have (n! — 1) commutativity relations (cf. (5.17))

al,...,an(”): Ay (1)s - -+ > Qor(n (n), aly..an €AW o€ S, o £ 1 (6.28)
(1) (n)

Let us consider a “linear” (in p) deformation of (6.28) analogous to the binary
case (4.1).
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Definition 6.9. An obscure membership deformed n-ary algebra is
AL (= (20 11 )

in which there are (n! — 1) possible noncommutativity relations

gy (@) [ar, s @l = iy (@) [asays- - o]
at,. .. an € AW, a;,a;(n) eG, o€8,, a#l. (6.29)

Since p > 0, we can have

Definition 6.10. The (n! — 1) membership commutation factors in .Aiz) (1)
are defined by

Ha’ (aa(n))
(n) _ %)
€o(n) <a'n,a’o.(n),an,ag(n)) T (@) ail,a’o_(n) €G, o€ S8, c#1, (6.30)

and the relations (6.29) become

a1, .. an)™ = 6,(,?,)1) <a;ua:7(n)7anaaa(n)) [ao(1), - - ~7ao(n)]in)' (6.31)

These definitions are unique if we require:

1)  for connection, only two monomials with different permutations;
2)  membership “linearity” (in p);
3) compatibility with the binary case (4.2)—(4.3).
Example 6.11. For the obscure membership deformed ternary algebra
AQ () = (A 19 +),
we obtain
[a1,a2,a3] = 6‘(73(1)0_(2)0(3) [ag(l),aa(z),aa(g)]* , a1,ag,a3 € A, 0 € S3, (6.32)

al, \Q al, \@

. 2 E 3) @ =B = . 3§ 3;7 6ggl)?) = ]") allva/27a/3 € Ga
/ a
2

which means that it is 1-partially commutative (see (6.17)) and has only 2 inde-

pendent membership commutation factors (cf. the binary case (4.3)).

We now provide a sketch construction of the n-ary e-commutative algebras
(6.8) membership deformation (see Subsection 4.2 for the binary case).
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Definition 6.12. An obscure membership deformed n-ary mw-commutative
algebra over k is Aiz) (n) = <Ql(“) IR ,—|—> in which the following (n!—1)

noncommutativity relations are valid:

L) (a;(l)a . ,a,a(n)>f‘ail (an) [a1, - .. ’a"]in)

(n)

) (a’l, . ,a;) Pl (ag(n)) [@0(1)7 e ,ag(n)]* )

a; € Ql(“), a€G, o€8,, c#l, (6.33)
where (™) are n-ary Schur-like factors satisfying the 2-cocycle conditions (6.2).

Definition 6.13. An algebra Aiz) (p) is called a double 5£rn)/ eLn)—commuta—
tive algebra if

= Efrré)l),‘..,a(n) (a’/lv cee ,CL;L) 65:81) (a;m a;-(n)7 Ap, aa’(n)) [ag(l), ey ag(n)]in) s (634)

(n) (4 /
s aq, y Ay
Ea(1).o(m) (@1 vay) = (@ ) , (6.35)
7(n) (a’ oo, al )
o(1) o(n)
Ha’ (ao(n))
(n) I _ Teln) ()
Ea'(n) (ana ag’(n)? A,y aa(n)) far (an) y A1y« Ay Ag(1)y -« -5 Qg(n) e )

!/

al,.. .,an,a;(l), . ,a;(n) €EG, c€8,, o#1, (6.36)
where 67(Tn) is the m-ary grading commutation factor (6.7) and egn) is the n-ary
membership commutation factor (in our definition (6.30)).

This procedure can be considered to be the membership deformation of the
given e-commutative algebra (6.8), which corresponds to the first version of the
binary commutative algebra deformation as in (4.12) and leads to a nonassocia-
tive algebra in general. To achieve associativity, one should consider the second
version of the algebra deformation as in the binary case (4.16): to introduce a
different n-ary multiplication | ]éan ) such that the product of commutation factors
eMe satisfies the n-ary 2-cocycle-like conditions, while the n-ary noncocycle
commutation factor satisfies the “membership deformed cocycle-like” conditions
analogously to (4.17)—(4.19).
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edopmartiis nmpuHaie?>KHOCTI KOMYTAaTUBHOCTI Ta
HeYiTKi n-apHi ajredopu
Steven Duplij

3amponoHOBaHO 3arajibHAN MeXaHi3M “IopyIeHHs” KOMYTATHBHOCTI B
ajrebpax: sIKIO 6a30Ba MHOXKIHA ITPUAMAETHCS He 3a YITKY MHOXKUHY, 8 CKO-
pite 3a HeYiTKY, PYHKIIisI IPUHAJIEXKHOCTI, IO Bijobparkae CTYIiHb iCTUH-
HOCTI IPUHAJIEZKHOCTI €JIEMEHTa 10 MHOXKWHU, MOXKe OyTH BKJIIOUEHA B KO-
MyTariitai croiBBinnomenns. Cuerianbai “medopmariii” KOMyTaTHBHOCTI i £-
KOMYTATUBHOCTI BBOJATHCS TAKHUM YHHOM, IO PiBHI CTYIEHI iICTUHHOCTI TTpU-
3BOJIATH 710 “HemedopMoBaHOTO” BUMAAKy. My TakoK HaABOIUMO CXeMHU “I1e-
dopmyBanust” e-ayuredp Jli i ajarebpu Beiis. Jlasti, HaBeieHi Buille KOHCTPY-
KIIil, TIOMUPIOIOTHCS HA N-apHi ajareOpu, s sIKUX BUBYAIOTHCS TPOEKTUBHI
MTO/TAHHS Ta €-KOMYTATHUBHICTD.

KirrowoBi ciioBa: MaiizKe KOMyTaTUBHA ajredpa, HescHa aareopa, mredop-
Mallisl IPUHAJIE?KHOCT1, HeUiTKa MHOYKUHA, (DYHKIIisI IPUHAJIEXKHOCTI, N-apHa
anrebpa, ajaredbpa JIi, mMpoeKTUBHE MMOJAHHS
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