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On Landsberg Warped Product Metrics

Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim

In this paper, we discuss a class of Finsler metrics which are called Finsler
warped product metrics. These metrics were studied by B. Chen, Z. Shen
and L. Zhao in 2018. Basically, we study the Berwald curvature of Finsler
warped product metrics. Also, we characterize the Finsler warped product
metrics of isotropic Berwald curvature, then we obtain that they are Randers
metrics (Theorem 1.2). Moreover, we consider an important problem which
is a unicorn problem in Finsler geometry for the class of Finsler metrics.
In fact, we get the answer to the crucial question of this study whether
such a Landsberg Finsler warped product metric is a Berwald metric or not
(Theorem 1.3).
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1. Introduction

The warped product metrics form an important and rich class of metrics in
Riemann—Finsler geometry and some interesting results were obtained in [2,8,9].
B. Chen, Z. Shen, and L. Zhao introduced a new class of Finsler metrics using
the concept of the warped product structure on an n-dimensional manifold M :=
I x M, where I is an interval of R and M is an (n — 1)-dimensional manifold
equipped with a Riemannian metric [4]. In fact, it was considered in the following

form:
1

F(u,v) = d(zi,f;)qb(ul, v ) (1.1)

a(u, )

where u = (u',4),v = 01% —+ ¥ and ¢ is a suitable function defined on a domain
of R%2. Throughout this paper, we always assume that the dimension of the
product manifold M := I x M is greater than two and our index conventions are
as follows:

1<A<B<.-<n, 2<i<j<..-<n.

The class of Finsler metrics can be concluded as the spherically symmetric Finsler
metrics. It is necessary to mention that a Finsler metric F' is said to be spherically
symmetric if the orthogonal group O(n) acts as isometries on F' [12,15,18]. The
formulas for the flag curvature and Ricci curvature of Finsler warped product
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metrics were obtained by B. Chen, Z. Shen, and L. Zhao in [4]. Also, these
metrics were characterized as Einstein metrics [4]. H. Liu and X. Mo obtained the
differential equation to characterize the metrics with vanishing Douglas curvature
[10]. Moreover, H. Liu, X. Mo, and H. Zhang obtained equations that characterize
metrics of constant flag curvature and then they constructed many new warped
product Douglas metrics of constant Ricci [11].

The Cartan torsion C', the Berwald curvature B, the Landsberg curvature
L, the S-curvature S, the y-curvature x, the H-curvature H, etc., are several
important non-Riemannian quantities in Finsler geometry. Since they all vanish
for Riemannian metrics, they are called non-Riemannian quantities (see [13,17,
21]). F is called a Berwald metric if its Berwald curvature vanishes. A Finsler
metric F' on a manifold M is said to be of isotropic Berwald curvature if

BCADE = T(U)(F,UC,UD(SAE + F,UCUE(SAD + F,UD,UE(sAC + F,UC,UD,UE'UA), (1.2)

where BCAD p are the coefficients of Berwald curvature and 7(u) is a scalar func-
tion on M.

X. Chen and Z. Shen proved that F'is of isotropic Berwald curvature if and
only if it is a Douglas metric with isotropic E-curvature, [5]. A. Tayebi and
M. Rafie-Rad showed that if F' is an isotropic Berwald Finsler metric, then F' is of
isotropic S-curvature [20]. A. Tayebi and B. Najafi proved that isotropic Berwald
metrics of scalar flag curvature are of Randers type [19]. In [14], E. Peyghan and
A. Tayebi proved that every generalized Berwald metric with non-zero scalar flag
curvature or isotropic Berwald curvature is a Randers metric. In [6], G. Enli,
H. Liu, and X. Mo showed that if F'is a spherically symmetric Finsler metric of
isotropic Berwald curvature, then F'is a Randers metric. These studies motivated
to consider the Berwald curvature and the isotropic Berwald curvature of Finsler
warped product metrics. Moreover, H. Liu, and X. Mo characterized the Finsler
warped product metrics to be Berwaldian. They obtained the following lemma:

Lemma 1.1 ([10]). Let F' = a¢(r,s) be a Finsler warped product metric,
where r = u' and s = % Then F' is a Berwald metric if and only if
d=a(r)s? +b(r), U=c(r)s, (1.3)

where a = a(r), b = b(r) and ¢ = c(r) are differentiable functions and ® and ¥
are defined in (2.2).

In this paper, we prove the following important theorem:

Theorem 1.2. Let F = a¢(r,s) be a Finsler warped product metric, where

r=u' and s = % Suppose that F' is of isotropic Berwald curvature. Then F is

a Randers metric.
Recall that a Randers metric has to be of the form F' = a + 3, which was

studied by a physicist Randers in 1941 [16], where « is a Riemannian metric and
B is a 1-form with ||f|lo < 1.



470 Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim

In local coordinates, the Landsberg curvature L := L¢op pdu® @ duP @ du®
is defined as Lopg = —§F FUA%. Note that every Berwald metric is
a Landsberg metric. However, the converse is still an open problem in Finsler
geometry called as “unicorn problem” [1]. Therefore, we also considered to study
the unicorn problem for Finsler warped product metrics (see Section 6). In fact,
we prove the following:

Theorem 1.3. Let F = a¢(r,s) be a Finsler warped product metric, where
r=u' and s = “aTl If F' is a Landsberg metric, then either

1. F is Berwaldian or

2. there exist the smooth functions ay,as, and aq of r such that

R Y A e e L | L

where ap(r) = cexp([ a1(r)dr) and c is a constant.

Notice that the metrics in (1.4) are singular. Actually, we prove that all
regular Landsberg warped product metrics must be Berwaldian. Thus the unicorn
problem cannot be successful in the class of Finsler metrics.

2. Preliminaries

Assume that I is a Finsler metric on an n-dimensional manifold M and in
local coordinates u!, Aa%, G =4 88 2G‘4(9 7 1S a spray

induced by F. The spray coefficients G4 are defined by

Lu”and v = v

1

A A

@t i= g () o — [F0),

where gap(u,v) = [3 F2] a5 and (g AB) = (gap)~'. The spray coefficients of
a Riemannian metric are determined by the Christoffel symbols as Guz(fb 0) =
%I‘;k( )7 0*” . The spray coefficients G4 of a Finsler warped product metric F =
a¢(r, s) are given by [4],

G'=o8%, G'= &'+ 0al, (2.1)

where [* = Ug and

82 (Wrwss — Wswrs) — 2w(wyr — Swys) S(Wrwss — Wswrs) + WsWy

¢ = 2(2wwss — w?)  ¥= 2(2wwss — w?)  (22)
where w = ¢?. ® and ¥ can be simplified by Maple and given as follows:

¢ =sV+ A, (2.3)

6 s, o)

T 2% 6
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where

Az 30— (2.5)

20ss
The Berwald curvature B = BCA D Educ @duP @ duf @ 6% of a Finsler metric
F' is defined by
A 83GA
B =
CDE 9yCouPouF
The Finsler metric F' is called a Berwald metric if B = 0. Furthermore, F' is said
to be of isotropic Berwald curvature if its Berwald curvature BCAD p satisfies

BCADE = T(U)(F,UC,UD(sAE + F,UCUE(SAD + F,UD,UEdAC + F‘,UC’,UD,UEUA)7 (26)

where 7(u) is a scalar function. The E-curvature E = E pdu® ® du® of F is
defined by
1 02 oG¢
Eapi=—-—F—(—=).
AB 5 9vAduB ( v )
Moreover, F' is said to have an isotropic E-curvature if there is a scalar function
k = k(u) on M such that

(2.7)

jo %(n +1)RF 1, (2.8)

where h is a family of bilinear forms h, = h apdu® @ duP defined by hap :=
FF a,B.
By the definition, the Landsberg metrics are defined by
1 P?PGA

Moreover,
D= DgCEduB ® du® @ du

is a tensor on T'M \ {0} which is called the Douglas tensor, where

o (GA L_oGY A). (2.10)

D4 = — —
BCE OvBovC vt n+1 oM v

The Finsler metric F' is called a Douglas metric if D = 0, equivalently, a Finsler
metric is a Douglas metric if and only if GAv? — GBv4 are homogeneous poly-
nomials in y of degree 3 (see [3]). Clearly, for a Berwald metrics, the spray
coefficients G are quadratic in 3. It follows that D = 0, (2.10). The Berwald
metrics are Douglas metric. H. Liu and X. Mo proved in [10] that a warped
product Finsler metric F' = a¢(r, s) is of Douglas type if and only if

® — sU = £(r)s +n(r), (2.11)

where £ = £(r) and n = n(r) are two differential functions.
In Section 5, we need the following lemma:
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Lemma 2.1 ([5]). For a Finsler metric F' on an n-dimensional manifold M,
the followings are equivalent:

(a) F is of isotropic Berwald curvature,

n—+1

(b) Dg'cp =0 and Exp = kF a8 for a scalar function k = k(u) on M.

3. E-curvature of Finsler warped product metrics

In this section, first we compute the E-curvature of a Finsler warped product
metric F' = a¢(r, s). Then we classify the metrics with isotropic E-curvature.
The following identities are obvious for a Finsler warped product metric F' =

ag(r,s):
Op1 = 0, 8§11 =

where luj = Qi
By (2.1), (2.7) and (3.1), we get
E = EABduA ® du®
= Endu' ® du' + Eyjdu' @ du? + Ejdu' @ du' + Ejjdu' @ du?,  (3.2)

where
1 0 oGt 0 OG™
En = 2 [avlavl ( ov! )+ ovlov! ( o™ )]
1
= (= DW= sV + By, (3.3)
1 0 oGt 0 oG™
Fi:i = — - .
1779 [8111811] ( Ovl )+ Ovlowvi ( ovm )]
- % [(n = 2)Wys — sWygs + By I, (3.4)
1 o  OG! o OG™
Eia = 2 [8vi81)1 ( ovl )+ Ovtov! ( ovm )}
s .
=35 [(n —2)Wys — sWags + CI)SSS] l;, (3.5)
1 0 oGt 0 oG™
o —
) [811’31)1 ( ovl )+ OvtOvI ( ovm )]
1 e
_ %{52 [(n— 2) Wy — W aes + Boss] il
+ [n(W = s0,) + 82Uy + D, — s@ss]hlj} (3.6)

where ;Lij = d(ij)vj. Now we prove the following proposition:

Proposition 3.1 ([7]). The warped product metric F' = a¢(r, s) is of isotropic
E-curvature if and only if

n(U — sW,) 4+ 2V, + O, — 5P, = (n + k(¢ — s5), (3.7)

where k = k(u) is a scalar function on M.
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Proof. A direct computation yields

Fvl = s, Fvi = (¢_3¢S)Zi~

By the above equations, we obtain

1
Fvlvl = T¢587 (38)
Fvlvj = quss ]7 (39)
5 ss
Flij = =l (3.10)
1 2 Yy y
Flivi = 5 (% sslily + (¢ — s¢s)hij . (3.11)
By (2.8), we have
g 9 [O0GC
= 1H)kF . 12
508 Gy A ((%C) (n+ 1)kF,a,8 (3.12)

Suppose that F' is of isotropic E-curvature. By (3.3)—(3.6), (3.8)—(3.11), and
(3.12), we obtain

(n—2)Wss — sWsgs + Py = (n+ 1)kss, (3.13)
$[(n = 2)Was — sWss + Puss | lil + [(V — 5T,) + 5> Wg + By — 5] i
= (n+ 1)k[s%puslily + (¢ — s¢s)his]. (3.14)
Substituting (3.13) into (3.14), we get
(U — sU,) + 2V + By — 5P = (n+ 1)k(¢p — 505). (3.15)

Conversely, assume that (3.15) holds. Differentiating (3.15) with respect to
s, we obtain (3.13). By (3.13) and (3.15), (3.14) holds. Hence, we conclude
that F' = a¢(r, s) has an isotropic E-curvature if and only if (3.15) holds. This
completes the proof of Proposition 3.1. O

4. Berwald curvature

In this section, we prove the following theorem:

Theorem 4.1. Let F = a¢(r,s) be a Finsler warped product metric, where
r=u' and s = % If F' is a Berwald metric, then one of the following holds:

1. F is a Riemannian metric or

2. F has the form
F = aY[s%et mrdn] (4.1)

where Y is any differentiable function.



474 Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim

Proof. Suppose that F' is a Berwald metric. Substituting (2.3) into (1.3), we

obtain
A =m(r)s® + b(r),
U = ¢(r)s,
where m(r) = a(r) — ¢(r). Plugging (4.3) into (2.4), we have
S;Z - QZ;A = c(r)s.
Then plugging (4.2) into the above equation yields
S¢r s

——mrsQ r)) = c\r)s.
2% ¢[()+b()] (r)

By (4.4), we have
2[m(r)s* + b(r)]ps — s¢r + 25¢(r)¢ = 0.

By differentiating (4.5) with respect to the variable s, we have

2[m(r)s2 + b(r)|pss — SOrs — Or + 2¢(1)p + 25[2m(r) + c(r)]ds = 0.

Using (2.5) and (4.2), we obtain

m(r)s® 4 b(r) = 8¢;8¢_ qb,n'

By (4.7), we have
2[m(r)s + b(r)|pss — srs + b = 0.
By (4.6)—(4.8), we have
s[2m(r) + c(r)]és — ¢r + c(r)¢ = 0.
Multiplying (4.9) by s and then subtracting (4.5), we get
[e(r)s® = 20(r)]¢s = c(r)s6.
Case I: c(r)s? — 2b(r) # 0. Then, by (4.10), it follows that
A(ing), = Zdlin(c(r)s” — 26(r))]s.
Thus,

¢ =~(r)\/e(r)s* — 2b(r),

(4.9)

(4.10)

where ~(r) is any positive smooth function. In this case, the corresponding

warped product Finsler metric is a Riemannian metric.
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Case II: c¢(r)s? — 2b(r) = 0. Note that ¢ > 0 and s # 0. In this case, (4.10)
is equivalent to

c(r) =0, c(r)s® —2b(r) =0. (4.11)
By (4.11), it follows that
e(r) =0, b(r)=0. (4.12)
Plugging (4.12) into (4.9) yields
2sm(r)ps — ¢ = 0. (4.13)

In this case, we solve only (4.13). The characteristic equation of (4.13) is

dr  ds
—1 2sm(r)’
which is equivalent to
d
d—i = —2sm(r). (4.14)

Hence, the solution of (4.13) is
¢ = T[S2e4(fm(r)olr)]7

where Y(+) is any differentiable function [22, Lemma 4.1]. O

5. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Firstly, we prove the following propo-
sition:

Proposition 5.1. Let F = a¢(r, s) be a Finsler warped product metric, where

r=ulands="2%. Then F is a Douglas metric with isotropic E-curvature if

and only if ¢
U = k(u)p + sd(r), A=¢E(r)s® +n(r), (5.1)
where ¥ and A are defined by (2.4) and (2.5), respectively.

Proof. Let F = a¢(r, s) be a Finsler warped product metric. Suppose that
F is a Douglas metric with isotropic E-curvature. By [10, Lemma 3.3], F' has
vanishing Douglas curvature if and only if

® — 50 = £(r)s +n(r). (5.2)
By Proposition 3.1, F' is of isotropic E-curvature if and only if

n(U — sW,) 4+ s>V, + O, — 5P, = (n + k(¢ — sbs). (5.3)
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By (2.3), it is easy to see that (5.2) and (5.3) are equivalent to

A =¢(r)s® +n(r), (5.4)

(n+1)(V —sUs) + As — sAss = (n+ 1)k(¢p — s¢s). (5.5)
Plugging (5.4) into (5.5), we get
U — sU, = k(¢ — sos). (5.6)

Let ¥ = s¥ and ¢ = s¢. Then ¥ — sV, = —s>W, and ¢ — s¢p, = —s2p,. Plugging
these two equations into (5.6), we obtain

U, — kos = 0. (5.7)
Therefore,
U — k¢ = d(r). (5.8)
Thus,
U = ko + sd(r). (5.9)

Conversely, suppose that (5.4) and (5.9) hold. Note that the equation given
by (5.4) is equivalent to (5.2). By (5.4) and (5.9), (5.5) holds. Hence, we obtain
that F'is a Douglas metric with isotropic F-curvature. O

Hence, we have the following theorem:

Theorem 5.2. Let F' = a¢(r,s) be a Finsler warped product metric, where
r=u' and s = % Then F' is of isotropic Berwald curvature if and only if

U = k(u)p + sd(r), (5.10)
A=¢€(r)s® +n(r), (5.11)

where ¥ and A are defined by (2.4) and (2.5), respectively.

Proof. By Lemma 2.1 and Proposition 5.1, we get the proof of Theorem
5.2. O

Now we prove Theorem 1.2:

Proof of Theorem 1.2. Suppose that F'is of isotropic Berwald curvature, that
is, (5.10) and (5.11) hold. The using of (2.4) and (5.10) yields

S¢r  Os

2% ¢A:k¢+sd(r).
Plug (5.11) into the above equation to obtain
50 _ 95 (e(1)s? + ()] = kb + sd(r). (5.12)

20 ¢
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By (5.12), it follows that
2[€(r)s? + n(r)|ps — 8¢ + 25d(r)¢ + 2kd* = 0. (5.13)
Taking the derivative with respect to the variable s, we get
26(r)s” +1(r)|dss — srs — by + 2d(r)$
+ 2s[2&(r) + d(r)]ps + 4kpps = 0. (5.14)
On the other hand, by (2.5) and (5.11), we have

SQPrs — Pr

E(r)s® +n(r) = w (5.15)

By (5.15), it follows that
2(¢(r)s” +(r)|dss — s¢rs + ¢ = 0. (5.16)

By (5.14)-(5.16), we have
s[26(r) +d(r)]ds — ¢ + d(r)¢ + 2kdgs = 0. (5.17)

Multiplying (5.17) by s and then subtracting (5.13), we have

[d(r)s® + 2ks¢ — 2n(r)]ps = d(r)s¢ + 2k¢”. (5.18)

If ds? — 2 # 0, then the solution of (5.18) is given by [6, Theorem 4.2],
_ 2ks + \/(4k% + od(r))s> — on(r)

g

¢

Note that F' = a¢(r,s),r = ul, s = v Tt follows that

2kvt + \/(4k2 + od(r))(vt)? — on(r)a?
. .
Therefore F is a Randers metric. OJ

F =

(5.19)

In [4, Lemma 3.1], B.Chen, Z.Shen and L.Zhao proved that a spherically sym-
metric metric is a Finsler warped product metric. Hence, the following corollary
of Theorem 1.2 is obvious.

Corollary 5.3. [6] Let (B"(v), F) be a spherically symmetric Finsler man-
ifold. Suppose that F' is of isotropic Berwald curvature. Then F is a Randers
metric.

X.Cheng and Z.Shen proved in [5] that if F' is a Finsler metric on a manifold
M of dimension n > 3 with the conditions

DCADE =0 and Lacp+ cFCuacp =0,

for a scalar function ¢ = ¢(u) on M, then F is of isotropic Berwald curvature
satisfying (2.6) for a scalar function 7 = 7(u) on M. In this case, F, is not
Euclidean where 7(u) = ¢(u) at a point u. Therefore, the following corollary is
obviously given as a result of the Theorem 1.2:

Corollary 5.4. Let F = ap(r,s),r = u',s = % be a Douglas warped product

metric on a manifold M of dimensionn > 3. If Lacp +cFCacp =0, then F is
a Randers metric.
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6. Proof of Theorem 1.3

A direct computation yields

Fv1 = s, Fvi = (¢_3¢s)ii-

1
By (2.1) and the Landsberg curvature formula Lopg = —§FF1,A%, we
get
Llll = 7% [Qbsq)sss + (¢ - SQZ)S)\I’sss}y (6'1)
S o
L1 = ?Qb |:¢s(1)sss + (¢ — 3¢s)\1’sss:| Liy (6.2)
Llij = %{ |:¢s(q>s — 5Py — 52(1)383) - 5(¢ - sqbs)(\ljss + S\Ijsss) luzlvj
— |:¢s(q)s — S(I)ss) - 5(¢ - Sgbs)\yss] dij}y (6'3)
Lz’jk = %{ |:33¢sq)sss - SS(Z)S(qDS - Sq)ss) - (¢ - 8¢5)[—382\If55

v

- 83\:[}885]:| llijzk + [S¢s(®s - S(I)ss)
— (9 503) "W Jlyiiig i — = k= i) }, (6.4)

where we use (3.1).

Note that a Finsler metric F' is called Landsberg metric if the Landsberg
curvature is zero:
So, a Finsler warped product metric F' = a¢(r, s) is a Landsberg metric if and
only if ® and ¥ satisfy

= g [06@ass + (6 — 503) W] =0, (6.5)
% [qssq)sss + (¢ - sés)%ss} l; =0, (6.6)
¢

= [0u(@ = 50 = $20.) = 56 — 50 (Vs + 5W4) |1
+ [65(@ = 50.0) = 5(0 = 56)Was 1 | = 0, (6.7)
{[570:@uss = B50(®, = 5Du) = (& — 56,)[-352Wss — 5™ W] [l

o+ [565(®y = 5Ds5) = (6 — 50)5> Wity (i > k =)} =0 (6.8)

¢
2

Thus, by (6.5)—(6.8), F'is a Landsberg metric if and only if the following equations
hold:

QZ)S(I)SSS + (Qb - 8(,255)‘1’558 = 0, (69)
¢s((I)s - Sq)ss) - 5(¢ — S(bs)\IJss = 0. (610)
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Proof of the Theorem 1.3. Let F = a¢(r, s) be a Landsberg warped product
metric. Then (6.9) and (6.10) hold. Plug (2.3) into (6.9) and (6.10) to obtain

3¢5\I’35 + Qb\IJsss + ¢5Asss = 07
Gs(U — sUs) — sopWss + ¢s(As — sAss) = 0.

Let @ =¥ — s¥g and = ¢5. Then (6.12) is given as follows:
(69)s + 1(As — sAss) = 0.
Differentiating (6.13) with respect to s, we have
(#9Q)ss = spAsss — ps(As — sAss).
Moreover, we have the following:
($9)ss = —d(Was + 5U ) — 256 Wy + hos.

Plugging (6.11) into above two equations yields

Hs (As - 3Ass)(¢ - 3¢s)\I/ss - QﬁssQ = _(b _88¢S

Together with (6.13), it yields

p(00s+ 7200 (6,04 690,) = 0.
Therefore,
(0 50— s0p.] = sty — sbua
Hence,
(6 = 56:)11 = 5041, = (6 — 56:)s — 500
and

8Psits — SPssph = 5PsPss — SPssps = 0.

Thus, we conclude that (6.16) holds if and only if

(Qb - 5¢s)¢s — 50¢ss = 0,

or

satisfies.

Qs - ¢ssQ-

(6.11)
(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)
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The solution of equation (6.17) is given by

¢ = \/11(r)s? + 2ua(r), (6.19)

where ¢1 and 1o are two functions of the variable r. Hence, F' = &¢ is Riemannian.
Therefore, by (6.18), we have

Vs =0.
Its solution is given by
U =ai(r)s + az(r), (6.20)
where a; and ag are two functions of r. Combining with (6.12), we have
¢slaz(r) + As — sAss] = 0. (6.21)
Note that ¢s # 0 (see [10, Proposition 5.1]). Then it follows from (6.21) that
As — sAgs = —az(r).

Solving the equation, we get

A= %(92&3(1”) —ag(r)s + aq(r). (6.22)

1
If as(r) =0, then A = 55%3(7") +ay4(r) and ¥ = a;(r)s, which means that F’
is Berwaldian by Lemma 1.1.

If ag(r) #0, let U = G;s and V = if then

¢s =Uo, ¢r=Vo.

Substituting the above equations into ¥ and A, which are given by (2.4) and
(2.5), respectively, we obtain
sVs +sUV =V

S
_SV_UA A= , 2
v U4 2(U, + U?) (6:23)

Substituting (6.20) and (6.22) into (6.23), we have

_ sa1(r) + 2as(r) v 20 + 204
© s2a1(r) + 2sas(r) — 2a4(r)’ - A :
Thus,
say(r) + 2az(r)
(1D¢)S - s al( )—1—23(12( )_ 20/4(7“)’
(Ing), = (2a3(r) + a1(r)as(r)) s* + 4 (a1(r) + 1/2as(r)) az(r)s — 2a1(r)as(r)

s2a1(r) + 2as(r)s — 2 aq(r) 620
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Integrating the first equation above, we obtain

= ’ tay(r) + 2az(r)
o= </0 t2a1(r) + 2tas(r) — 2a4(r) dt) ao(r),

where ag is an arbitrary C* function of r. To determine ag(r), firstly notice that
¢(r,0) = ap(r). Thus,

[6(r,0)]» = ag (7).

By the second equation of (6.24), it follows that

a(r) =ay(r).

Therefore, the integration with respect to r yields

ao(r) = cexp < / a1 () dr) ,

where ¢ is the constant of integration. The Theorem 1.3 is proved. O
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ITpo meTrpuku Jlanacbepra BUKpUBJIEHOTO JI00yTKY

Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim

VY 1iit poboTi Mu 06TOBOPIOEMO KIac (DiHCIEPOBUX METPUK, sIKi HA3UBAIO-
ThCs (PIHCJIEPOBUME METPUKAMM BUKPUBJIEHOro 100yTKy. 11i MeTpuku 6ysio
BuBueHo Yenowm, Illenom i 2Kao B 2018. Ilo cyTi, Mu BUBYaEMO KPUBHUHY
Bepanpaa dinciepoBux MeTpUK BUKPHUBJIEHOTO 00yTKY. Mwu Takoxk Xa-
pakTepusyeMo (biHCIEPOBI METPUKN BUKPUBJIEHOTO IOOYTKY 3 i30TPOITHOIO
KpuBuHOIO BepBasibiia i BCTAHOBIIOEMO, IO BOHU € MeTpukamu Pamzepca
(Teopema 1.2). Kpim Toro, jyist hiHCIEPOBAX METPUK BUKPUBJIEHOTO JO0YTKY
MU PO3IVISIAEMO BaXK/IUBY Ipobsiemy (biHCIepoBOl reoMeTpil IIpo iCHYBaHHsI
dincaepoBux eanHOpOriB. PakKTUYIHO, MU JAEMO BiAMOBIIL Ha MUTAHHSI, IH €
MeTpuKoio BepBasbaa merpuka Jlamnmacbepra, mo € MiHCIEePOBOI0 METPUKOIO
BUKPUBJIEHOIO 100yTKy (Teopema 1.3).

Kirouosi ciioBa: merpuka {DiHCjiepa BUKPHUBJIEHOIO JT00YTKY, METPHUKA
Jlanacbepra, i3oTpomnHa KpuBnHa bepBajbia
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