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Implicit Linear Nonhomogeneous Difference
Equation over Z with a Random Right-Hand
Side

S.L. Gefter and A.L. Piven’

Let {fn}22, be a sequence of independent identically distributed integer-
valued random variables which are defined on a probability space (2, F, P).
We assume that these variables have a non-degenerate distribution. Let a
and b be integers, b #~ 0, =1, and let a be not divisible by b. For every w € (,
we consider the implicit first-order linear nonhomogeneous difference equa-
tion bxyy1 + axy, = fo(w), n=0,1,2,.... It is proved that the probability
that there exists an integer solution of this implicit difference equation is
equal to zero. Hence, under the random choice of integers fo, f1, f2, ..., the
implicit linear difference equation bx, 1 + az, = f,, n =0,1,2,..., has no
solutions in integers. We also prove that if @ and b are co-prime integers,
then the solvability set for this difference equation is an uncountable dense
meagre set in the space of all sequences of integers.
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1. Introduction

Let a and b be integers, Ny be the set of nonnegative integers, {f,}7>, be a
given sequence of integers. Consider the problem of solving in integers for the
following first order difference equation:

b1 +azx, = fr,, n=0,1,2 ... (1.1)

If b = +1, then, obviously, this equation has infinitely many solutions in integers.
If b # £1, then equation (1.1) is said to be implicit over the ring Z (see [7,10]).

We note that an implicit equation may not have integer solutions. For ex-
ample, the general solution of the equation 3z,41 = x, + 1 over Q has the form
Tp = 37 + %, where c € Q, n =0,1,2,.... It is obvious that for any value of a
constant ¢ we cannot obtain an integer solution (see Example 2.1 in [7]). But it
is not difficult to verify that if @ is not divisible by b, then (1.1) has at most one
solution in integers [7]. Therefore the mapping, which assigns to any sequence
of integers {x,}5°, the sequence {f,}°2, where f,, = bxp41 + axy, is injective.
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Hence, there exists an uncountable set of sequences of integers { f,,}7°, such that
equation (1.1) has an integer solution. We show in Section 2.1 that this set of
sequences, i.e., the solvability set for equation (1.1), is a dense meagre set in the
natural topological sense (see Corollary 2.4).

Now, let {fn}°2 be a sequence of independent identically distributed (i.i.d.)
integer-valued random variables which are defined on a complete probability space
(Q, F, P). For w € €, consider the equation

bTpni1 + axy = fn(w), n=0,1,2,... (1.2)

The main result of this paper shows that in this case equation (1.2) has no
integer solutions almost surely (see Theorem 3.1, Remark 3.2 and Theorem 3.5).
It means that under random choice of integers fy, f1, fo, ... the implicit difference
equation (1.1) has no integer solutions.

Note that in the classical (real or complex) situation difference equations with
random parameters were considered in various works (see, for example, [1,12]).
Implicit linear difference equations over Z were studied in [2,5,7,10]. Some
analogues of results of these papers for implicit difference equations in Fréchet
spaces were obtained in [6]. Integer solutions of nonlinear difference equations
were considered in [4] in connection with the Laurent phenomenon.

2. Preliminary

2.1. Topological properties of the solvability set for equation (1.1)
Denote by ZNo the countable degree of the space Z. It is a compete metric space
with the metric

o0

1 |zn — ynl
d {ZL‘ }00:07 {y OO:O = an )

and the convergence in this space coincides with the coordinate-wise stabilization
[3, Section 4, §2].

The set Z> of all finite sequences of integers is dense in the space ZY0. As
shown in [7, Proof of Theorem 4.1], for a = +1, equation (1.1) has a unique
integer solution for all sequences {f,}7°, € Z*°. The following example shows
that for a # +1 this assertion can fail even for the co-prime integers a and b.

Example 2.1. Let b # +1, a, b be co-prime integers, f,, = 0 for n > 1 and fj is

not divisible by a. Then bz,11+ax, =0, n=1,2,3,.... Since a and b are co-
prime, the uniqueness of an integer solution for equation (1.1) holds [7, Theorem
3.1]. Therefore, z, =0, n =1,2,.... Then z( should be an integer solution

of the linear equation axg = fy. However, this equation has no integer solutions
because fy is not divisible by a.

The following lemma establishes the criterion of the existence and uniqueness
of an integer solution of equation (1.1) for {f,}5°, € Z*.
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Lemma 2.2. Let b # +1 and a,b be co-prime integers. Assume that there
exists m € N such that f, = 0 for n > m. Then equation (1.1) has an inte-
ger solution if and only if the number > ;" b (—a)™F fy. is divisible by a™ 1!,
Moreover, this integer solution is unique and has the form

fean, n=0,1,2,...;m
Ty = kZ:O ’f+1 " . (2.1)
0, n=m-+1,m+2...

Proof. Let f,, = 0 for n > m. Substituting (2.1) into (1.1), we obtain that
the sequence {x,}5°, defined by (2.1) is a solution of equation (1.1) over the
ring Z [5] Moreover, zg € Z if and only if > ;" (a}c flb fx € Z or, equivalently,
St o bF(—a)™F fi, is divisible by a™ 1. We show that if zy € Z, then z; € Z.
Since x1 € Z [%], we have that z1 = _7, where u € Z, j € No. It follows from
equation (1.1) that bzy = fy — axg € Z, i.e., % € Z. Since a and b are co-prime,
we obtain that u is divisible by a7, i.e., 21 € Z. Repeating the above argument,
we find that z,, defined by (2.1) is integer, where n = 2,3, .... The uniqueness of
the integer solution of equation (1.1) follows from [7, Theorem 3.1].

Now we prove the converse assertion of Lemma 2.2. Let {x,}52, be an integer

solution of equation (1.1). Since f,, = 0 for n > m, we have
brpi1+ar, =0, n=m+1,m+2,.... (2.2)

By the uniqueness of the integer solution of equation (2.2) [7, Theorem 3.1], we
obtain x, =0 for n =m+1,m + 2,.... Now equation (1.1) implies

fn b$n+1 fn bfn+1 + b2l‘n+2 B

Ty = =...

a a a CL2 (I2
m—n kpk
—1)%b
= (akilfmn, n=0,1,2,...,m
k=0
The lemma is proved. -

Denote by H C ZNo the solvability set for equation (1.1), i.e., the set of
sequences { f, }52, such that there exists an integer solution of equation (1.1):

H={{f}r2g€Z% : Ha,}22) € 2" ¥n =0,1,2,... brpy1+ax, = fo}.

The following theorem establishes sufficient conditions of the density of H
and its complement G = Z"o \ H in the space ZMo.

Theorem 2.3. Let b # £1 and let a,b be co-prime integers. Then the sets
H and G are dense in the space 7M.

Proof. Let {g,}>°, € ZY and m € N. We set f, = 0 for n > m and
fn = gn if n < m. Let us show that we can define the value f,, such that
{fn}>2y € H. By Lemma 2.2, the sequence {f,}°°, has to satisfy the following
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property: Y pv o b¥(—a)™ * fi is divisible by a™*!. Therefore, it is necessary to
define an element f,, € Z such that this condition holds. Consider the following
Diophantine equation with respect to unknown integers f,, zm:

m—1

O™ frn + a2, = — Z Ve (—a)™ gy (2.3)
k=0

By Theorem 1 [11, Chapter 5], the linear Diophantine equation

W™ frn +a™ 2, = c

has a solution for any integer ¢, because ™! and b™ are co-prime. Then, by

(2.3), we obtain the required sequence {f,}°°, € H NZ>. Hence the set H N
7> is dense in ZNo,

Now we prove that G is dense in ZNo. Let a # £1. Note that for every m €
N and every sequence {f,}22, € H NZ> we can find the sequence {g,}>°, €
Z*° N G such that g, = 0 for n > m and g, = f, if n < m. For this purpose,
it is sufficient to choose g, such that g, is not divisible by a (see Lemma 2.2).
It implies that for a # +1 the set Z°° N G is dense in Z*°, and therefore in the
space ZNo.

Now consider the case a = +1. Let f = {f,}2, be an arbitrary sequence
from Z*°. Then, in every neighbourhood of the element f, there exists a sequence
g ={gn}%, € ZNo of 0 and 1 for sufficiently large numbers n such that 0 and 1
occur in this sequence infinitely many times. Therefore g € G (see [7, Example
4.1]). Hence, for a = £1, the set G is dense in the set Z> and in the space ZMNo.
The proof is complete. O

Corollary 2.4. Under the conditions of Theorem 2.3, the set H is an un-
countable dense meagre F,-subset in the complete metric space ZNo.

Proof. Since a is not divisible by b, equation (1.1) can have at most one
integer solution [7, Theorem 3.1]. Therefore, the mapping, which assigns to any
sequence of integers {x,}>2, the sequence {f,}°2,, where f, = bzpi1 + az,, is
injective. Consequently, the set H is uncountable.

For zy € Z and m € Ny, we define the sets

Hyy = {{fu}0 € 2" : A, )02, € ZV Yn=0,1,2,... brp1 +az, = fo},
HI = {{fa}oo € 2V : Hay, ) € 2" W =0,1,2,...,m
bni1 + azy = fn}.
We have - -
H= |J Hu Hapo= () HE (2.4)
m=1

To=—00

Since the sets H" are closed in the space Z, by the second relation in (2.4),
the sets Hy, are also closed. Therefore, we obtain from the first relation in (2.4)
that H is an F,-set.
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To end the proof, it is sufficient to show that for any xzg € Z the set H, is
nowhere dense in ZY°. Since the complement of H,, is dense (see Theorem 2.3),
the set H,, has no interior points. Therefore H, is nowhere dense. The corollary
is proved. ]

Remark 2.5. Under the conditions of Theorem 2.3, the set H N Z> is dense
in the space ZNo, and for a # 41 the set G N Z™ is also dense.

Remark 2.6. If the coefficients a and b of the implicit equation (1.1) are not
co-prime, then the set H cannot be dense in ZN0. Let d # +1 be the greatest
common divisor of a,b and f = {f,}22, € H. Then the numbers f, (n =
0,1,2,...) have to be divisible by d. However, the set of all sequences of integers
dividing by d # +1 is not dense in ZNo,

2.2. Implicit stochastic first-order difference equation Consider the
following stochastic analogue of equation (1.1). Let {f,}°°, be a given se-
quence of integer-valued random variables defined on a complete probability space
(Q,F, P). The sequence of integer-valued random variables {&,}>°, defined on
this space is said to be a solution of the implicit stochastic difference equation

bpnv1+a&, = fn, n=0,1,2,... (2.5)
if
P(weQ:béyi(w)+aép(w) = fu(w), n=0,1,2,...) =1.
The following lemma establishes the connection between the solutions to the

stochastic difference equation (2.5) and the solutions for the family of equations
of the form (1.2).

Lemma 2.7. Let b # +1. Assume that a and b are co-prime integers. FEqua-
tion (2.5) has a solution if and only if P(A) = 1, where

A={weQ: Hz,}02g €2 ¥n=0,1,2,... bryi1 +az, = fr(w)}. (2.6)

Proof. The necessity of P(A) = 1 is obvious. We prove the sufficiency. Since
fn is measurable, it is not difficult to show that A € F. Let w € A. Since a
and b are co-prime, it follows from [7, Corollary 2.1] that there exists a unique
sequence {z,}°, € ZN0 such that

bTpt1 + axy = fr(w), n=0,1,23,....

Put &,(w) = zp, n = 0,1,2,.... Then &, : Q@ — Z and the sequence {,}2°,
satisfies equation (2.5) on the set A. We prove that &, (n = 0,1,2,...) is a
measurable mapping. By [7, Theorem 3.1],

Z (CLk+1 fk

k=0
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where the series converges in rings Z, of p-adic integers [9, Part 1, Chapter 3,
§5] for any prime divisor p of b. Then & is a measurable mapping with values in
Zy [8, Lemma 1.10]. It follows from £,(Q2) C Z that ¢y is a measurable mapping of
Q into Z. Therefore equation (2.5) implies the measurability of &, for all n. Hence
the sequence of random variables {£,}72 is a solution of equation (2.5). O

3. Main results

At first, we suppose that integer-valued random variables f,, n =0,1,2,...,
take every integer value with a positive probability. The following theorem shows
that in this case the probability that there exists an integer solution of the implicit
difference equation (1.2) is equal to zero.

Theorem 3.1. Let a,b € Z, b # 0,1 and let {f,}5°, be a sequence of i.i.d.
integer-valued random wvariables such that P(w : fn(w) = z) > 0 for any z €
Z, n=0,1,2.... Then P(A) =0, where the event A is defined by (2.6).

Proof. We define the probability measure p on the set of integers 7Z as follows:
uw({z}) =PlweQ: fu(lw) =2), z € Z. Moreover,

pw({z}) >0, zeZ. (3.1)
Define the events
Agy = {weQ: )02, € ZVYn=10,1,2,... fo(w) =brnt1 + az,}
and
AT ={we Q: Ha }IH €2 Yn=0,1,2,...,m fo(w) = brpt1 + azy}

for numbers xg € Z and m € Ny. We have

o’

A= | An, A=) A7, AR DARH. (3.2)
m=0

Trog=—00
We show that for any x¢ € Z the relation
P(Ag,) =0 (3.3)

is fulfilled.
By the countable additivity property of the measure P, for any m € N, we
obtain

P(AT) = Z Z Z PweQ: fu(w) =brpt1 +axy, n=0,...,m).
T1€ELT2€EL  Tp41€EL

It follows from this equality and the independence of random variables fy, ..., fm
that

P(A}) = Z Z Z HP(weQ:fn(w):bmnH—i-axn)

x1EZL xo€7 Tm4+1€Zn=0
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= > p({brr+awe}) - > p({brm +azm}) Y p{brmi +azm}) .

T1€EZ Tm €L Tm+1€Z

(3.4)

Since b # 0,=£1, for any z,, € Z, there are integers k = k(z,,) € Z and r =
r(xm) € Ng such that 0 < < |b| — 1 and

axy, = bk + 1. (3.5)

Then, for any x,, € Z, we have

Y ul{bemer tazn}) = Y p({brmer + bk + 1)

Tm+1€EZL Tm+1€EL

=> pu({bi+r}) <q (3.6)
JEZ
where
r=0,...,|b|—1

¢g= max Z,u({bj +r}) €(0,1)
JEZ

by the property (3.1) on the measure pu and by the condition b # +1. Now we
estimate the right-hand part of equality (3.4) by means of (3.6). We obtain

P(A7) < q Y p({boy+axo}) Y p({bue+azi}) - > p({brm + azvm1})

1 EZL xroEZ T €EZL
= qP(AZB_l), m=23,....

Therefore P(AZ!) < ¢™ ' P(AL,) and, by the continuity from above of the mea-
sure P (see the second relation in (3.2)),

P(Ay,) = lim P(A™) =0.

m—00

Equality (3.3) is proved. Taking into account the countable additivity property
of the measure P and the first equality in (3.2), we obtain

The theorem is proved. O

Remark 3.2. We assumed in Theorem 3.1 that
w{z}) =PlweQ: fulw)=2)>0, z€Z, n=0,1,2,....

For proving this theorem, the following property of the measure y was used:

d n(fbj+r) <1, r=0,...[p -1
JEZL
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This property can be rewritten in the form

Y PweQ: fulw)=bj+r) <1, r=0,..,p|-1,n=012.... (37)
JEZL
Note that Theorem 3.1 and its proof are valid if the probability distribution of

random variables f,, n = 0,1,2,..., satisfies the restriction (3.7). For example,
this condition is fulfilled if

0, z<0,

P(weﬂifn(W)ZZ)Z{pz’ S

where p, € (0,1). In particular, it is true when the random variables f, are
Poisson distributed:
Ne A

pr=PlweN: fplw)=2) = S 2=0,1,2,....,

where A > 0.

We consider another example which satisfies the condition (3.7). Let o, 8 €
Z, a < 8 and the random variables f,, take each value from [«, 8] N Z with the
same probability, i.e.,

1

P(WGQan(W):Z):m7

z€[,flNZ, n=01,2,....
Then the random variables f,, satisfy the condition (3.7).
Theorem 3.1 and Remark 3.2 imply the following theorem.

Theorem 3.3. Let a,b € Z, b # 0,1 and let {f,}7°, be a sequence of i.i.d.
integer-valued random variables such that P(w : fp(w) = z) = ﬁ for all z €
[a, B]NZ, n=0,1,2.... Then the probability that there exists an integer solution
of the difference equation (1.2) is equal to zero, i.e., P(A) = 0.

Remark 3.4. Consider the case @ = 8 in Theorem 3.3. Then random variables
fn,m=0,1,2,..., have a degenerate distribution, i.e., f;,, take a fixed integer with
probability 1. In this case, P(A) can be equal to 1. For example, let b =2, a =
—1 and f,(w) =1 for all n € Ny and w € Q. Equation (1.2) has the solution
xp, =1(n=20,1,2,....). Hence P(A) = 1. Therefore, in Theorems 3.1,3.3 the
restrictions on the distribution law of random variables f,, are essential.

The following main theorem shows then Theorem 3.1 can be extended to
the general case when random variables f,, n = 0,1,2,..., have an arbitrary
non-degenerate distribution.

Theorem 3.5. Let a,b € Z, b # 0,+1. Assume that a is not divisible by b
and {fn} is a sequence of i.i.d. integer-valued random variables which have
a non-degenerate distribution. Then the probability that there exists an integer
solution of the difference equation (1.2) is equal to zero, i.e.,

P (w € Q:Han}riy € ZNo . b1 +axy, = fr(w), n=0,1,2,.. ) = 0.
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The proof of this theorem is based on the following lemma.

Lemma 3.6. Let b € N, b# 1 and M C Z be a set containing at least two
elements. Assume that all elements of M belong to the same residue class modulo
b. Then there exist k € N and ro € Z such that b* divide all numbers I — r (le
M) and at least two numbers “z°, % (c,d € M) belong to different residue
classes modulo b.

Proof. Divide every number [ € M by b with a remainder. By the conditions
of the lemma, all numbers [ have the same remainder r; modulo b. Therefore,
there exist numbers ¢;(I) € Z such that

l=qb+r, leM.

If the numbers ¢; (1) belong to different residue classes modulo b, then put k& = 1,
ro = 71 and the proof is complete. If the numbers g1 (I) belong to the same residue
class modulo b, then divide these numbers by b with a remainder. Denote by ro
a common remainder from the division of numbers ¢; () (I € M) by b. Therefore,
there exist numbers ¢2(l) € Z such that ¢1(I) = g2(1)b+r2, 1 € M and

I =q)b* +bro+r, 1€M.

If the numbers gz(1) belong to different residue classes modulo b, then put k& = 2,
ro = brg+71 and the proof of the lemma is complete. If the numbers ¢2(1) belong
to the same residue class modulo b, then we continue to divide these numbers by
b with a remainder etc. By the kth step, we obtain the decomposition

k
I=brge(l)+> ¥ 'y, leM, (3.8)
j=1

where the remainders r1,...,7; € {0,...,b— 1} do not depend on [. Denote by
Zy, the ring of b-adic integers [9, Part 1, Chapter 3, §5]. Passing to the limit for
k — oo in (3.8) in the topology of the space Zp, we obtain the same canonical
decomposition [9, Part 1, Chapter 3, §4] for all numbers I € M into the series
which converges in the topology of this space:

1= vy, el
j=1

But it contradicts the uniqueness of this decomposition [9, Part 1, Chapter 3,
§4]. The lemma is proved. O

Proof of Theorem 3.5. Without loss of generality, we assume that b € N, i.e.,
b > 2. By Remark 3.2, it is sufficient to prove Theorem 3.5 for the case when
the condition (3.7) is not fulfilled. It means that for some r = 0,...,b — 1 the
distribution law of random values f,, satisfies the condition

Y PweQ: fulw)=bj+r)=1 n=012.... (3.9)
JEZ
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Consider the set M C Z of all values of the random variable f,. Since f, have
a non-degenerate distribution, this set contains at least two elements. By the
assumption (3.9), every element of M has the same remainder r when divided by
b. Therefore all elements of M belong to the same residue class modulo b. By
Lemma 3.6, there are numbers k € N and 7 € Z such that b* divide all numbers
j—70 (j € M) and at least two numbers <12, 410 (¢, d € M) belong to different

bk bk
residue classes modulo b. It means that the random variables g, = %, n =
0,1,2,..., take at least two different values I, I3, which belong to different residue
classes modulo b. Moreover, the random variables g,, n = 0,1,2,..., are i.i.d.
and have a non-degenerate distribution. Hence,
fu(w) =bgn(w) +19, we, n=0,1,2,..., (3.10)
PlweQ:gy(w)=1;)€(0,1), j=1,2,n=0,1,2,.... (3.11)

Substituting the expression (3.10) for f, into equation (1.2), we obtain the dif-
ference equation

bini1 + axy =g (w) + 19, n=0,1,2,... (3.12)

It implies that rqg — az, is divisible by b, and therefore there exists a sequence
{yn}>2 € ZNo such that 19 — ax,, = by,. Then, substituting z,, = % into
equation (3.12), we obtain that this sequence {y,}5° is an integer solution for
the difference equation

bYn+1 + ayn = —abkilgn(w) +7r9, n=0,1,2,...
Therefore,

A= {w € Q:Han}rry € 7N Wn =0,1,2,... brpii +ax, = fn(w)}
C{weQ: HyJolgezZ" vn=0,1,2,...
bynt1 + ayn = —ab g, (w) + 1o}
C{we Q: Hyn}lo ezZNovn =0,1,2,...
bYni1 + ayn = (—a)*b* Pgn(w) +ro} C ...
C{weQ: Hy}og €ZW Yn=0,1,2,... bynt1+ay, = (—a)kgn(w)—i—ro},

i.e., A C B, where
B={weQ:Hy, )€ ZN ¥n=0,1,2,... byni1+ay, = (—a)*g,(w) + 70}

At first, let a and b be co-prime integers. Then the numbers (—a)* and b are
co-prime integers too. We show that the numbers /;(—a)* and ly(—a)* belong to
different residue classes modulo b. Assuming the contrary, we obtain that (1 —
I2)(—a)* is divisible by b. Since the numbers b and (—a)* are co-prime integers,
the number (I; —l2) is also divisible by b. It contradicts the assumption that the
numbers {1 and [y belong to different residue classes modulo b. Hence the sequence
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of random variables h,, = (—a)*g, (n = 0,1,2,...) satisfies the restriction (3.7).
By Remark 3.2, P(B) = 0, therefore P(A) = 0.

Now, let a and b not be co-prime and let d be the greatest common divisor of
a,b. We assume that d > 1. By the conditions of the theorem, d # b. Then A C
C, where C ={w € Q : d|fp(w), n =0,1,2,...}. We note that either all numbers
bj 4+ r (j € Z) are divisible by d or none of these numbers are divisible by d. It
follows by the conditions (3.9) that either P(C) = 0 or P(C) = 1 respectively.
In the first case, we have P(A) = 0 and in the second case, equation (1.2) can be
reduced by division by d to the equivalent equation

biTp+1 + a1z, = hp(w), n=0,1,2,..., (3.13)
where the coefficients a; = % and b; = % are co-prime, and h, = %, n =
0,1,2,..., is a sequence of i.i.d. integer-valued random variables. The assertion

of Theorem 3.5 has already been established, moreover
A={weQ:Ha,}2 € ZNoYn =0,1,2,... bz, +aiz, = hn(w) }.
Therefore P(A) = 0, and the proof is complete. O
Theorem 3.5 and Lemma 2.7 imply the following corollary.

Corollary 3.7. Let the conditions of Theorem 3.5 be valid and, in addition,
let a and b be co-prime integers. Then the stochastic difference equation (2.5)
has no solutions.

Remark 3.8. We show that the assumption b f a of Theorem 3.5 is essential.
Let a be divisible by b and let

Y PlweQ:fulw)=bj)=1, n=0,12,....

JET
Then P(A) =1, where the event A is defined by (2.6). Moreover, the stochastic
difference equation (2.5) has a solution {,,}°° , where & : 2 — Z is an arbitrary
random variable and other random variables &, : @ — Z (n = 1,2,...) can be
defined by the following recurrence relation: &,4+1 = % (fn—a&n),n=0,1,2,....

Now, let 1 be a probability measure on Z such that p({m}) # 1 for all m €
7. Define the measure P on ZNo as the countable product of measures .

Corollary 3.9. Let a,b € Z, b# 0,£1 and let a be not divisible by b. Then

P ({fn o € zZNo . Haplor, € 7N n =0,1,2,... brpi + ax, = fn) =0.
(3.14)

Proof. We consider ZNo with the measure P as a probability space. For w =
{felido € 7N, we set gn(w) = fn, n=0,1,2,.... Then {g,}>2, is a sequence of
i.i.d. integer-valued random variables which have a non-degenerate distribution.
It follows from Theorem 3.5 that equality (3.14) is true. The assertion of Corollary
3.9 is proved. O
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HesiBHe JTiHiliHE HeogHOpPiAHE pi3HUIIEBE PiBHAHHS HA/
7. 3 BUIAAKOBOIO IIPABOI0 YACTHUHOIO

S.L. Gefter and A.L. Piven’

Hexaii { fn}flozo — TIOCJIOBHICTDh HE3aJIEXKHUX IJIOSHATHIX OJHAKOBO
POBIIO/IJIEHNX BUIIAJIKOBUX BEJIMYMH, 110 BU3HAYEHI Ha HMOBIpHICHOMY IIPO-
cropi (2, F, P). Ilpunyckaerbesi, Mo i BEJIMIMHE MAOTh HEBUPOIZKEHMUIT
posnomii. Hexait a Ta b — 1 gucia, b # 0,+1 ta a #e gmrbest va b. s
KOYXKHOTO w € () PO3IISgIaeThCsl HACTYIIHE HEsBHE JIiHIHE HEOMHOPITHE pi-
BHUIEBE PIBHSHHS LEPIIOTrO HOPAIKY: bXy41 + axy = fr(w), n=0,1,2,....
JoBeneno, 110 #MOBIPHICTH iCHYBaHHS PO3B’I3KYy B ILJINX UUCIaX ITHOTO He-
SIBHOI'O PI3HMIIEBOrO PiBHsIHHSI JOpiBHIOE Hy/0. OTXKe, IPU BUIIAIKOBOMY
BubODPi 1imx uucen fo, f1, fo, ... HesABHe pi3HUIEBE PIBHAHHS bTy 1 +aT), =
fn,m=0,1,2,..., He Mae PO3B’'HA3KIB B IIIUX dYuCIaX. TaKOX IOBEJIEHO,
IO SKITO @ Ta b — B3aEMHO MPOCTI YUC/Ia, TO MHOXKWHA, PO3B’sI3HOCTI 1IHOTO
PIBHSIHHS € HE3JIYEHOIO MIIJIbHOI MHOXKHWHOIO TIEPIIOl KATeropil y mpocTopi
BCIX MOCJIIIOBHOCTEI IIJINX YUCEJT.

KirrowoBi cjioBa: pi3HUIEBe DIBHSHHS, He3aJI€KHI BUIIQIKOBI BEJIMINHU,
MHOYXKWHA PO3B’I3HOCTI
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