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The paper is concerned with the correlation functions of the characteris-
tic polynomials of random matrices with independent complex entries. We
investigate how the asymptotic behavior of the correlation functions depends
on the second moment of the common probability law of the matrix entries,
wherein the second moment can be treated as a sort of “reality measure” of
the entries. It is shown that the correlation functions behave like those for
the Complex Ginibre Ensemble up to a factor depending only on the second
moment and the fourth absolute moment of the common probability law of
the matrix entries.
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1. Introduction

The ensemble of random matrices with independent entries was introduced
by Ginibre in 1965 [33]. To be exact, he introduced a partial case when entries
of the matrices have Gaussian distribution. Anyway, the ensemble appeared to
be significant and has been attracting scientists’ attention since that time.

Random matrices with independent entries are usually considered over three
fields: complex numbers, real numbers and quaternions. An asymptotic behavior
of the correlation functions of the characteristic polynomials was recently com-
puted in the complex case [2] and in the real case [3]. The goal of the current
paper is to obtain a similar result in the intermediate case between the complex
and the real ones.

Let us proceed to precise definitions. We consider the matrices of the form

1

My, = ﬁX = \}ﬁ(xjk)?,k:h (1.1)
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where xj;, are i.i.d. complex random variables such that
E{zj} =0, E{lz;l’} =1, E{z3} = k. (1.2)

Here and everywhere below E denotes an expectation with respect to all random
variables. In the particular case, if the entries x;; are complex or real Gaus-
sian this ensemble is known as Complex or Real Ginibre Ensemble, respectively
(Gin(C) or Gin(R)). The parameter k2 plays a role of a “reality measure”. In-
deed, on the one hand, k29 = 0 in the complex case. On the other hand, koo =
1 in the real case.

Notice that the ensemble (1.1) has various applications in physics, neuro-
science, economics, etc. For detailed information, see [4] and references therein.

Define the Normalized Counting Measure (NCM) of eigenvalues as

Na(A) = #{NY e A j=1,....n}/n,

where A is an arbitrary Borel set in the complex plane, {)\g-n) }n . are the eigen-
values of M,. The NCM is known to converge to the uniforr?n distribution on
the unit disc. This distribution is called the circular law. This result has a long
and rich history. Mehta was the first who obtained it for x;; being a complex
Gaussian in 1967 [43]. The proof strongly relied on the explicit formula for the
common probability density of eigenvalues due to Ginibre [33]. Unfortunately,
there is no such a formula in the general case. That is why other methods should
be used. The Hermitization approach introduced by Girko [34] appeared to be
an effective method. The main idea is to reduce the study of matrices (1.1) to
the study of Hermitian matrices using the logarithmic potential of a measure

Pu(z) = /C log |z - ¢| du(¢).

This approach was successfully developed by Girko in his works [35-38]. The
final result in the most general case was established by Tao and Vu [57]. Notice
that there are a lot of partial results besides those listed above. The interested
reader is referred to [8].

The Central Limit Theorem (CLT) for linear statistics of non-Hermitian ran-
dom matrices of the form (1.1) was first proven for radial-invariant test functions
in the complex case by Forrester [27]. The study was continued in the com-
plex case by Rider and Silverstein [48], Rider and Virag [49], in the real case by
O’Rourke and Renfrew [46], in both cases by Tao and Vu [58] and Kopel [41].
The best result for today was obtained by Cipolloni, Erdés and Schroder for the
complex case in [15] and for the real case in [16]. They proved CLT for a bit more
than twice differentiable test functions assuming that the common distribution
of matrix entries has finite moments.

A local regime for matrices (1.1) has been less studied. The asymptotic be-
havior of the k-point correlation function for Ginibre ensembles is well known,
see [33,43] for Gin(C) and [9,23,26] for Gin(R). A general distribution case was
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considered in [58]. It was established in both cases that the k-point correlation
function converges in vague topology to that for Ginibre ensemble if x;;, has the
first four moments as in the Gaussian case. The condition of matching moments
was recently overcome at the edge of the spectrum (i.e., at |z] = 1) in [17]. The
last result strongly relies on an estimate for the least singular value obtained
in [14] using the supersymmetry technique (SUSY).

One can observe that non-Hermitian random matrices are more complicated
than their Hermitian counterparts. Indeed, the Hermitian case was successfully
dealt with using the Stieltjes transform or the moments method. However, a
measure in the plane can not be recovered from its Stieltjes transform or its
moments. Thus these approaches to the analysis fail in the non-Hermitian case.

The present paper suggests using the SUSY. It is a rather powerful method
which is widely applied at the physical level of rigor (for instance, [12, 13,28, 30,
32,45,61]). There have been a lot of rigorous results obtained by using SUSY
in the recent years [6,11,14,18-22,50-53]. The supersymmetry technique is usu-
ally used in order to obtain an integral representation for ratios of determinants.
Since the main spectral characteristics such as density of states, spectral corre-
lation functions, etc. often can be expressed via ratios of determinants, SUSY
allows one to get the integral representation for these characteristics too. For
detailed discussion on connection between spectral characteristics and ratios of
determinants, see [10,39,56]. See also [32,47].

Let us consider the second spectral correlation function Ro defined by the
equality

E {2 > o <A§?),A§.§>) } - /2n(Al,AQ)RQ(Al,AQ)XmdxldxgdAQ,
1<j1<ja<n ¢

where the function 7: C> — C is bounded, continuous and symmetric in its
arguments. Using the logarithmic potential, R can be represented via ratios of
the determinants of M,, with the most singular term of the form

d81d€2 (13)
o=¢

/eo v P L 2 det (My, — 2)(My, — 2)" + 6;)
0 0 001009 i det ((Mn — Zj)(Mn — Zj)* -+ €j)

The integral representation for (1.3) obtained by SUSY will contain both com-
muting and anti-commuting variables. Integrals of this type are rather difficult
to analyze. That is why one should investigate a similar but simpler integral
to shed light on the situation. This integral arises from the study of the cor-
relation functions of the characteristic polynomials. Moreover, the correlation
functions of the characteristic polynomials are of independent interest. They
were studied for many ensembles of Hermitian and real symmetric matrices, see,
for instance, [1,12,13,52,54,55], etc. The other result on the asymptotic behav-
ior of the correlation functions of the characteristic polynomials of non-Hermitian
matrices of the form H +I', where H is from Gaussian Unitary Ensemble (GUE)
and T is a fixed matrix of rank M, was obtained in [29]. The kernel computed
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there, in the limit of rank M — oo of the perturbation I' (taken after matrix
size n — o0) after appropriate rescaling approaches the form (1.8). It was shown
in [31, Sec. 2.2].

Let us introduce the m™®

correlation function of the characteristic polynomials
fn(Z) =B { [ det (M, — 2)) (M, — 2)* } (1.4)
j=1

where
Z = diag{z1,...,2m} (1.5)

and z1, ..., 2z, are complex parameters which may depend on n. We are inter-
ested in the asymptotic behavior of (1.4), as n — oo, for

zj:z[)+\§%, ji=12,...,m, (1.6)
where zj is either in the bulk (|zp| < 1) or at the edge (|z0| = 1) of the spectrum
and (1, ..., (; are n-independent complex numbers. The functions (1.4) are well
studied for the Complex Ginibre Ensemble, see [5,60]. A general distribution
case was considered in [2,3]. It was shown that in the complex case for any zp in
the unit disk,

m“—m m“—m d t K iy m _
lim n~ 22 fm(2) —e 22 (1*\z0|2)2m,2 et(Kc(G CkQ)).%k_l? (1.7)
n—00 f1(21) -+ fi(zm) IA(Z)]
where kg9 = E{|z11|*} — |E{x%1}‘2 — 2 and
K([j(Z,’LU) _ e—|2|2/2—|w|2/2+zﬁ’ (18
Z = diag{(1,...,Cn}s
and A(Z) is a Vandermonde determinant of (1, ..., (. Whereas in the real case

for any 29 € [—1,1],

lim n_2ﬂ — 06(1_|ZO‘2)2R272 Pf(KR(CJa Ck))ik:l
e fl (Zl)fl (22) A(Clu 427 517 52)

where

L IGP 1l (¢ — eSS (¢ — Cr)eSich
K . = 2 2 > _ > SKJZ .
R(Cja Ck‘) € ((C] _ Ck)eCJCk (<J _ Ck)eCjCk

In the current paper we extend the results of [2,3] to the case of arbitrary
k2,0, |k2,0] < 1. The main result is

Theorem 1.1. Let an ensemble of real random matrices M, be defined by
(1.1) and (1.2). Let the first 2m moments of the common distribution of entries
of My, be finite and z;, j = 1,...,m, have the form (1.6). Let also zy and ka2
satisfy at least one of the two following conditions:
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(i) [r20l <1 and |z| < 1;

(11) "%270‘ =1 and ’Zo‘ <1, 2z ¢ R.

Then the m™ correlation function of the characteristic polynomials (1.4) satisfies
the asymptotic relation

lim n~ m22_'” fm(Z) _ Cm,zo ed(nz,o,m,z)
n—00 f1(21)f1(zm)

det(Kc(G, Cr)) %=1
INEk

. (1.10)

where Cy, -, s some constant, which does not depend on the common distribution
. 4 2
of entries and on (1, ..., Gn; ko2 = E{|z11|"} — |E{x%1}’ -2,

2 2
d(/ﬂzo,f{z’g) = —m log{‘l — |I€270| Zg‘ — ‘52,0‘2 (1 — ‘Zo|2) }

m? —m
—5

T3

1—|z0/) k2. (1.11)
A(Z) is a Vandermonde determinant of (i, ..., (m and Kc(z,w) is defined
in (1.8).

Notice that (1.10) has an additional factor compared with (1.7). This factor
shows the dependence of the asymptotics of f,, (here and below we omit Z only
if Z = diag{z1,...,2m}) on Kap.

The paper is organized as follows. In Section 2, a suitable integral represen-
tation for f,, is discussed. In Section 3, we apply the steepest descent method
to the suitable integral representation and find out the asymptotic behavior of
fm. In order to compute it, the Harish—Chandra/Ttsykson—Zuber formula is used.
For the reader convenience the latter section is divided into two parts. The first
part deals with a simpler partial case and the second one treats a general case.

1.1. Notation. Throughout the paper lower-case letters denote scalars,
bold lower-case letters denote vectors, upper-case letters denote matrices and bold
upper-case letters denote sets of matrices. We use the same letter for a matrix,
for its columns and for its entries. Table 1.1 shows the exact correspondence.
Besides, for any matrix A we denote by (A); its j-th column and by (A)y; its
entry in the k-th row and in the j-th column.

Set of matrices | Matrix | Vector | Entry

Q Qp,s g
¢ o)
0 0;

Vs y

Ukj
Ukj

U
|4

Table 1.1: Notation correspondence
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The term “Grassmann variable” is a synonym for “anti-commuting variable”.
The variables of integration ¢, # and p are Grassmann variables, all the other
variables of integration unspecified by an integration domain are either complex
or real. We split all the generators of Grassmann algebra into two equal sets and
consider the generators from the second set as the “conjugates” of those from the
first set, i.e., for the Grassmann variable v we use v* to denote its “conjugate”.
Furthermore, if T = (vj;) means a matrix of Grassmann variables, then T is a
matrix (v;). d-dimensional vectors are identified with d x 1 matrices.

Integrals without limits denote either integration over Grassmann variables
or integration over the whole space C? or R?. Let also dt*dt (t = (t1,...,tq)T €
C?) denote the measure H;l:l dtjdt; on the space C¢. Similarly, for vectors with

anti-commuting entries drdr = H;l:l drjdrj. Note that the space of matrices
is a linear space over C. The same notations are also used for matrices.

By (-,-), denote a standard scalar product on C%. For matrices, (A, B) =
tr B*A. For sets of matrices, (A, B) = }_;(A;, B;j). The norm we use is defined

by [l = /{5 -)-

Note that (7;) x (") matrices appear in the statement of Proposition 2.1. It is
natural to number rows and columns of such matrices by subsets of an m-element
set. To this end, set

Imp ={acZV |1<a1 <...<ay <m}. (1.12)

If p’ = 0, we define Z,,, ,y as {@}.
The cumulants k,, s are defined as follows. Consider the function

w(tl t2> = E {etlxll"l‘thll} .

Then

opts

s = ——1 ty,t . 1.13
Fos = aopaep, 108 V(1 12) (1.13)

t1=t2=0
In particular, so2 = E{|z11|*} — |E{x%1}’2 -2
Throughout the paper, U(m) denotes a group of unitary m x m matrices.

u denotes a corresponding Haar measure. In addition, C, C; denote various
n-independent constants which can be different in different formulas.

2. Integral representation for f,,

The following integral representation is true

Proposition 2.1. Let an ensemble M, be defined by (1.1) and (1.2). Then
the m™ correlation function of the characteristic polynomials f,, defined by (1.4)
can be represented in the form

f = (E)Cm /g(Q)e(n—cm)f(Q)dQ, (2.1)

™
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where Cm = 22m71; Q = (Q]);n:m Q] = {Qp,s |p+ s = 2,77 0 < b,s < ’I?’L}, Qp,s is
a complex (ZL) X (T) matriz, dQ = [[p+s is even Qs dQp, s and

0<p,s<m

f(Q) =—(Q,Q) +log h(Q); (2.2)

9(Q) = (M(Q)™ +n"pa(Q)) exp{—cm(Q, Q)} ;

hQ) =PLF(Q1) +n 2h(Q1,Q2) + n ' pe(Q1, Q>1); (2.3)

VF2,0B82,0 0 —Z Q1
_ 0 VRE20BG,  —Qf —Z" .
F(Q1) = 7 0, JREBS, 0 c(24)
—Q? z* 0 A\ /%BO’Q

Bs o and By are skew-symmetric matrices such that

2,0 0,2
(Boo)aras = —453"s  (Bo2)aras = —a50, @ € Tz

and Ly, 2 is defined in (1.12). Moreover,

(Q17Q2 / Z tl"Y sts +ter5Y ) pTde¢+d(f)d0+d9, (25)

pt+s=4
= (¢+ oF ¢T eT)T (2.6)
o) = sl H%H%q (2.7)
v = /P H%H% (28)

Kp,s are defined in (1.13), pa(Q) and pc(Q1, Q1) are certain polynomials such
that pc(Q1,0) = 0, and Q=1 contains all Q; except Q1.

Proof. Proposition 2.1 was proved for the case k29 = 1 in [3, Proposition 2.1].
The most part of the provided proof goes in the frames of a general case, and
only in the very end rog = 1 is substituted. Therefore it is easy to understand
from [3] that the only distinction of the general case from the partial one is in
the presence of kg in (2.4). O

Remark 2.2. Let )1 = UAV™ be the singular value decomposition of the
matrix Qq, i.e., A = diag{)\j}g’";l, Aj >0, U,V € U(m). In order to perform
asymptotic analysis, let us change the variables Q1 = U AV*, Byog — UBgoU T
Boa — VBp2V* in (2.1). Since the Jacobian is s A\2(A?) [[21 A (see,

2m 7YL

(It 3t)°
e.g., [40]), we obtain

_ Cm 2 2 - L % A
f,=Cn /DA(A ]Hl [goAQ +\Fg7~(UAV Q)
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< exp {<n ) [fo(A, Q)+ ;ﬁﬁ(UAV*, Q)] }

x dp(U)dp(V)dAdQ, (2.9)

where Q contains all the matrices @), s except Q1, D = {(A, U, V, Q) |A;j>0,j=
L...,m, U,V € U(m)}, pis a Haar measure, dA =[]}, d\; and

fHo(Q) = —(Q, Q) +log ho(Q1), (2.10)

90(Q) = ho(Q1)™ exp {—cn(Q, Q)} = (D),
82’0 0 —Z()Im A

0 By, —A —Zln
wln A Byy 0|
—A Zoly, 0 8072
£(Q) = vn(f(Q) — fo(Q)), (2.12)
9 (Q) = Vn(9(Q) — 90(Q)),

8270 = 1/:"4327()3270 and 3072 = \/%BO’Q. Notice that fg(UAV*,Q) = fQ(A,Q)
and the same for gg.

ho(@1) = PEF(Q1), F(Qn) = (2.11)

Remark 2.3. In the special case m = 1, the matrices Boy and B2 are zeros
and we have

n

fi(e) =2 [ exp {n(~ la* +log(l2F* +14f*) } dada.

Changing variables to polar coordinates and performing a simple Laplace inte-
gration, we obtain

fi(z) =2n /0+<><> T exp {n(—r2 + log(|z|* + r2))} dr

= 27me”(|z‘2_1)(1 +0(1)). (2.13)

3. Asymptotic analysis

The goal of the section is to study the asymptotic behavior of the integral
representation (2.9). To this end, the steepest descent method is applied. As
usual, the hardest step is to choose stationary points of f(Q) and a N-dimensional
(real) manifold M, C CV such that for any chosen stationary point Q, € M,,

RA(Q) < Rf(Qs), VQ € M,, Q is not chosen.

Note that N is equal to the number of real variables of the integration, i.e., in
our case N = 22m,

The present proof proceeds by a standard scheme for the case when the func-
tion f(Q) has the form

Q) = fo(Q) +n2£(Q),
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where fo(Q) does not depend on n, whereas f,(Q) may depend on n. We choose
stationary points of fy(Q) of the form @Q; = UAgV*, Q = 0, where Ag = M1,
Mo = /1 —|2/|? and U, V vary in U(m). The manifold M, is RN. Then the
steepest descent method is applied to the integral over A and Q In the process
U and V are considered as parameters and all the estimates are uniform in U and
V. As soon as the domain of integration is restricted by a small neighborhood, we
recall about the integration over U and V. After several changes of the variables,

the integral is reduced to the form (1.10).
We start with the analysis of the function fp.

Lemma 3.1. Let the function fo: R* — C be defined by (2.10). Then the
function Rfo(A, Q) attains its global maximum value only at the point

22m

A~

M=-= =X, Q=0, (3.1)

where \g = /1 — |z]%.

Proof. From (2.10) and (2.11), we get

Rio(A, Q) = - (Q;,Q;) — (Q1, Q1) + %log et ]
Jj#1

—(Q1,Q1) + %log‘detF’. (3.2)

Hadamard’s inequality yields

%log)detﬁ" log{ﬁ(|zo| +)\2+|n20|2‘q9k)®‘2>§
j=
X (f 2)é<\zo| + A7 )é

(|zo| + A7 +!n20!Z‘QQUk D;}. (3.3)

(2.0) 20 02 _ (02 . 20 _ (02 _
where ¢G3h)0 = 440 Wine = ~Ukje o8 7 > Fand ¢G5, = 455, = 0.

Simplifying the right-hand side of (3.3) and taking into account (3.2), we obtain

[}

q(ak o

Rfo(A,Q) < —(Q1,Q1) + Zlog{(!zo\ +)\2+!H20!Z‘q(,2£)®‘2>

(|zo\ + )\2 + k20| Z ’q@ (k) ’2>}, (3.4)

The inequality logz < 2 — 1 and (3.4) imply

Rfo(A, Q) < —(Q1,Q1) + ;i{(zd + A7+ ke, 0|Z ‘qjk)@) )

=1
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(|Zo| +)\ +|K20|Z‘q@0]2)k ‘2) —2}
2,0

(@uQu) +mlaf —m+ 3N sl Y [
7j=1 a€lm 2

0,2
+|"€270| Z q(ga)

OtEImyg

Finally, since |k20| = !E{x%l}’ < E{|z11*} = 1, we have

)

+mlz)* —m=—(Q1,Q1) +(Q1,Q1) +m|z> —m =m(z2]* —1). (3.6)

Rfo(A, Q) §—<Q1,Q1>+iA§+ {\qa 0)( +\
Jj=1

a€lm 2

Therefore, the function (A, Q) attains its global maximum value at the point
(3.1). It remains to show that there is no other point for which Rfo(A, Q) =
m(|z0)*—=1). Indeed, equality in (3.2) is attained if and only if Q=1 = 0. Moreover,

the right-hand side of (3.6) and (3.5) are equal if and only if |ka 9| = 1 or q( 0 =

qg)of) = 0. Let us consider the following two cases.

1. |ropl <1 = qgéo) = qg)(f) =0 for all o € Z,,, 5.

Since the equality logxz = x — 1 holds if and only if z = 1, then we obtain
from the equality of the right-hand side of (3.4) and (3.5) that

2
2,0)
|20)? +)\2+|I€2O|Z‘q(]k)@‘ =1

Thus, for any j,

Aj=\/1— |2
2. |k2o|=1and z ¢ R.

Equality in Hadamard’s inequality is attained if and only if the columns of
a matrix are orthogonal vectors. Hence, if equality is attained in (3.3), then
the columns of the matrix F are orthogonal. In particular, the orthogonality
of the first and the 2m + 2" yields

—(Ba2,0)21Z0 + 20(B2,0)21 = 0.

Since zy # Zp, the last identity implies

2,0 1
QELQ))Q = "o (82,0)21 =0.

5

Using a similar argument, we get that all q,%o) and q(go(f) are zeros. Next,

similarly to the first case, we obtain \; = --- = A\, = /1 — ]z0|2.
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Totally, the assertion of the lemma is proven. O

To simplify the reading, the remaining steps are first explained in the case
when the cumulants ks, p + s > 2 are zeros.

3.1. Case of zero high cumulants. Now we proceed to the integral es-
timates. In a standard way the integration domain in (2.9) can be restricted as
follows:

fn=Cnm | A2(A%) T Ay x g(UAV*, Q)el=em) WAV Q) 4y (1) du(V')dAIQ
P

j=1
+O(€_nr/2),
where R R
2= {(LUV.Q) Al + Q) <7}
The next step is to restrict the integration domain by
. A logn
0= {(A0.V.Q) 114~ ol + Q1 < 52} (3.7

To this end, we need the estimate of Rf given by the following lemmas.

Lemma 3.2. Let A and Q satisfy the condition |A|| + || Q|| < logn. Then
uniformly in U and V,

F(U(Ag +n"2A) V™, n_1/2é) = —mA + 0"V 40 (Z0 2 + 2 Z¥)
1 - 1
— ? tr(2)\0A + Zo 2y + ZoZ{'})2 + —tr ZUZ\*/
n n

1 ~ = - =
— 5 e[ (1= |20l 28) B3 o Bao + (1 = |20l 28) B o Bosa

- L 10~ 12
— |K2,0l \gBo,2Ba,0 — | k2,0l )\333,033,2} - HQ>1H
+ O(?”F3/2 log®n), (3.8)
where Zyw = W*ZW.
Proof. If Q, = U(Ag +n~Y2A)V*, then F has the form

U 0 0 0 ur o 0 0
0V 0 0 1 o vl o o
F=10 07 o <F0+\/5F1> 0 0 Ut 0|
0 0 0 V O 0 0 V*

where
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o —Z()Im AQ . —ZU [\
Ao = ( —Ag —zOIm>’ A= < —A —z;>’ B

Taking into account that

- 20 Ao -2 Ao )]
det Fy = [det <—)\0 Zo> det (_/\0 —2’0)} =1,

|
N
oD
()
gom*l o
[\&)
N
—
w
©
SN—

one gets
log det F' = trlog(1 + n_l/2F61F1)
1 1 _ 10g3n
-t FT Rt (FTLE)? 3.10
\/ﬁtro 1 Qntf(o 1)+O<m> (3.10)
uniformly in U and V. Further,
_ ADTIAT (A B
g [ (AD 0 3.11
" ( A4t Ayta .
and
(Fy 'F1)* =
—_\T 2 _ T\l px 41
((445H)") = (D) "B 4g'B ; . a2
* —AG'B(AT) B + (45" 4)
Moreover,
Al — ZOZU+)\0]\~ —Z()!\‘F)\OZ\*/
0 “XMZu + 208 XA+ 2Z5 )
_ 2285 o Bao + A2Bo 2B *
AT 1B*A—1B—<ZO 2,0°2,0 0~0,222,0 - - > 3.13
(Ap) 0 . A5 Bs5 oB5 o + 25802185 5 (3.13)

Combining (3.10)—(3.13) and (2.2), we get
FUAg +n 2R)WV* 0~ 12Q) = — tr [Ag 420 200 + n—lﬂ
1 ~ S = 1 ~ 2 1 ¢ _ *
~ 5 tr[BzoBQ,O + 307230,2] - HQ>1H + 32 tr[2X0A + 2020 + 2027]
1 X < -1
— [(Ag — [20/*)A? + 22000 Zu R + 2200 2 A + S (FoZu + 20Z7)) - zUz;}
1 D% . >, D% % . %
+ 5 1920 120 B30 Bao + A BoaBao + B30 By s + 2 Bo.2 B o]
+ O(n_3/2 log? n)
Hence the last expansion yields (3.8). O

Corollary 3.3. Let the function fy: R2™ - C be defined by (2.10). Then
the following assertions are true:
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(i)  the point Qs = (Mg, 0) is a stationary point of the function fo(A,Q);

(ii) the Hessian matriz of the function Rfo(A, Q) (as a function of real argu-
ment) at the point Q. is negative definite.

Proof. Let us put Z2 =0 and p. = 0. Then

folA, Q) = f(A, Q).

Therefore it is possible to consider the expansion (3.8) as the Taylor formula for
fo(A, Q) at the point (Ag,0). We obtain

fo(Ao + n*%A, n*%é)) = —m)\g — n*12)\% trA?2 —n~! HQ>1H2

1 =2\ P* D nR* 1
— 5 e[ (1= |20l 28) B3 o Bao + (1 = Iizol 28) B »Bosa

>, D, ¥ % -3
— |I€270| )\330723270 — ’Iig,o‘ )‘3B2,OBO,2} + O(n 2 log3 TL)

Thus the gradient of the function fo(A, Q) is evidently zero at the point (Ag, 0).
Assertion (i) is proven. Note that

1 D% R* 1
o tr| (1 — |k2,0]25) B3 0 B2 + (1 — |k2,0] 25) Bf 2 Bo,2
— k2,0l AgBo.2Ba,o — |k2,0 /\313’5,036‘,2}

— 2 % |a el

a€lm 2

2 2
2,0 0,2
a5+ (1= ool 2B) |5

+ |r2,0l A (qg}éo)qg)f) + qféo)qg]f))] - (3.14)

Hence, in order to prove assertion (ii), it is enough to show that the quadratic
form of 1 and x9

(1 — ’ng’ %Z%)m‘% + (1 — ‘/43270‘ %Z%)l’% +2 ’11270’ )\31‘1%2
is positive definite. A straightforward check yields

1-— |f€270| %2(2) > 0;
(1 — |r2,0| R23)* — [k2,0* X = (1 — |r2,028])? — |K2,0/* A > 0. (3.15)

Besides, if parameters koo and 2o are such as those in the assertion of Theo-
rem 1.1, then inequality (3.15) is strict. O

Lemma 3.4. Let f(Ql,Q) = f(Ql,Q) — f(Ao,0). Then for sufficiently

large n,

- R log?
max RF(UAV*, Q) < —c28 "

8 || A-Aoll+| Q]| <r

uniformly in U and V.
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Proof. First, let us check that the first and the second derivatives of f, are
bounded in the d-neighborhood of Ay, where f, is defined in (2.12) and ¢ is
n-independent. Indeed, since i and hg are polynomials and A~ = hy on compacts,

L RS | _| 1 0| |04 = fo)| _|d(ogh —logho)
Vn dx |~ |yn oz _‘ Ox _‘ Ox
10k 10h} _ C
“|ho Oz hOx|~ /n’

where 2 is either A; or an entry of @p,s, (p,s) # (1,1). Let Ag be a real diagonal

matrix of unit norm and let Qp, ||Qg|| = 1, be a set of matrices whose sizes
logn

correspond to those of Q. Then for any Ag and Qg and for n <t <4, we

have

%Rf (U(Ao + tAR)V*,1QE) = (V) oRfo(U(Ao + tAR)V*, tQr), v(E))
+ n71/2<vA,QA§Rfr(U(A0 +tAp)V*, tQE)7 v(E))
= (U @Rfo(Ao + A 1QE), o(E)) + O(n™"1?),

where v(F) denotes a vector whose components are all the real variables of Ag
and Qg and (-, ) is a standard real scalar product. Expanding the scalar product
by the Taylor formula and considering that V o fo(Ap,0) = 0, we obtain

%?R]Z(U(AO + tAE)V*,tQE) — t<(§)%f0)”(1\0, O)U(E),U(E)> I O(n_lm)’

where (# fo)” is a matrix of second order derivatives of R fy with respect to A,
RQ and SQ and |r| < C2. (Rfo)" (Ao, 0) is negative definite according to
Corollary 3.3. Hence C‘ljt%f( (Ao +tAR)V*,tQE) is negative and

max  RF(UAV*,Q) = max RF(UAV*, Q)
EE < A-Aoll+]| Q|| <5 IA=Aol|+|| Q| ="~

1 2
< RF(UAV*,0) — 2"

— (Ao, 0). (3.16)

Notice that f, is bounded from above uniformly in n. This fact and Lemma 3.1
imply that ¢ in (3.16) can be replaced by r,

2
max  RFUAV*,Q) < RFUAV*,0) — f(Ao,0) — 28",

Iogn <A~ |+ Q| < n

It remains to deduce from Lemma 3.2 that Rf(UAoV*,0) — f(Ag,0) = O(n™1)
uniformly in U and V. O

Lemma 3.4 and (2.9) yield

£, = Cncmenf(Ao,O) ( A2 (A2) H )\jg(Q)e—Cmf(UAV*,Q)

Q, Jaiey



On the Correlation Functions of the Characteristic. . . 173

x e UN"Q) gy (1) dpu(V)dAAQ + O (e~ €118 n)) :

where Q,, is defined in (3.7). Changing the variables A = Ay + ﬁf&, Q= ﬁé)
and expanding f according to Lemma 3.2, we obtain
fn = Cky / A’ (R)g(Qu)e eI Mo dp(U)dpu(V)dAdQ(L + o(1))
VoY)
1 ~ ~ 2

x exp{—5 tr(20A + 2020 + 2025)? + tr Zy 25 — HQ>1 H

1 D% D* D

St {(1 — [r2,0[ 28) B30 B2,0 + (1 = [k2,0] 23) Bg 2 Bo,2

— ’/'43270’ )\330723270 — ’K2,0’ )\%B;OB&Q} }, (3.17)
where

k = ™ 2emmmA VR 0 2027, (3.18)

Since (3.14) the integral over Q can be computed separately over real and imagi-

nary parts of the entries of Q. Because g(Q,)e~“f(20.0) =1 4 (1), the integra-
tion implies

f = Cliuds (20) ™ [ A2R)u(U)dp(V)AA(L + (1)
1 ~
X exp{—§ tr(2)\0A + 202y + ZoZ‘*/)2 + tr ZUZ‘*/}, (3.19)

where

dl(lﬁ270) = ‘1 — ’K)Q’O’Q )\é (3.20)

Let us change the variables V' = WU. Taking into account that the Haar
measure is invariant with respect to shifts, we get

b = Chind (20) ™ / ) /U o SRR+ of1)

[\')M—A

X exp r(2XA + U* (202 + 2025, )U)? + trZW*Z*W}

di(120) ™™ / ) / / £2(R)dya(U)du(W)A(L + o(1))
xexp{—2tr(2>\0UAU* (202 + 20Z}y))? +trZW*Z*W}

The next step is to change the variables H = UAU*. The Jacobian is

(2,,1;[5(%&_2(11) (see, e.g., [40]). Thus,

frn = Ckpdi(K2,0)” /m/ W)dH (14 o(1))
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1
X exp {—2 tr(2)\0H + (Z@Z + Z()Z{/kv))z + tr ZW*Z*W} ,

where H,,, is a space of hermitian m x m matrices, and
m
dH = [ d(H);; [ [ dR(H);xdS(H) s
j=1 i<k

The Gaussian integration over H implies
fn = Ckndl(lﬂzo)_m/ exp {tr ZW*Z*W } du(W)(1 + o(1)). (3.21)
U(m)
For computing the integral over the unitary group, the following Harish—

Chandra/Itsykson-Zuber formula is used

Proposition 3.5. Let A and B be normal d X d matrices with distinct eigen-

values {a]}J 1 and {b; }] 1, respectively. Then

=1\ det{exp(za;by)}*
tr AU*BU Ydu( I k=1
/wd) explztr AU BULdu(U <H”> DA (A)A(B)

where z is some constant, p is a Haar measure, and A(A) =[5, (a; — ag).

For the proof, see, e.g., [44, Appendix 5.
Applying the Harish—Chandra/Itsykson—Zuber formula to (3.21), we obtain

det{eCJC’C M1 (

fm _ Ckne—mlogch(mgo
A(Z )\

1+ 0(1)),

which in combination with (2.13) yields the result of Theorem 1.1.

3.2. General case. In the general case, the proof proceeds by the same
scheme as in the case of zero high cumulants. In this subsection, we focus on
the crucial distinctions from the partial case considered above and refine the
corresponding assertions from the previous subsection.

At the point we are ready to generalize Lemma 3.2.

Lemma 3.6. Let ||A] + Héﬂ <logn. Then uniformly in U and V,
F(U(A +nV2A)V, n’l/Qé)) = —mA2 + 0"V tr(20 2 + 2 Z¥)
1 ~ 1
— —tr(2XA + 202y + 20 25)? + — tr Zu 2}
2n n
1 R* 1 D% 1
— oot (1= ka0l 2) Bso Boo + (1= sl 23) By aBoo

. >, D% % 1 A 2
— k2,0l Ag Bo2a Ba,o — |k2,0 )\332,030,2} - HQ>1H
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+n7t M\ /Rao tr[(/\QVU*)Qg + Q’Q‘(/\2UV*)] + O(n_?’/2 log® n), (3.22)

where we keep the notations of Lemma 3.2, and N>B is the second exterior power
of a linear operator B (see [59] for the definition and properties of an exterior
power of a linear operator).

Proof. Differeytly from the previous subsection, the function f has an addi-
tional term n~'/2h(Q1, Q2) + n~'p.(Q) under the logarithm, where A is defined
in (2.5) and p is a polynomial such that p.(0) = 0. Therefore, the contribution

of the term n~'p.(n"1/2Q) is 0(71_3/2 logn). Hence, it remains to determine the
contribution of the term n~'/2h(Q1, Q>),

n_%ﬁ(n_%él,n_%ég)z _1~(n_%Q13Q2)
_ ! / S (¥ + 0@ V) e ()P ag apae* do, (329
p+s=4

where p is defined in (2.6), F is defined in (2.4), Y, and Y, s are defined by

(2.7), (2.8).
Let us change the variables ¢ = U*¢, ¢+ = ¢pTU, 0 = V*0, 07 = 0TV. We
have

s

H% H%r [Twe, [1E Vs
q=1

r=1

- H Z uaq?’qq%q H Z égrﬁﬁr&

g=1~v4=1 r=14§,=1

SRIPIEN £ (8 (320

’yEIm’p 5€Im,s

F

where a?: af )5 just denotes the coefficient at Hq 1 d)% | é;;r. Similarly,

F ~(p’ = > Z Qs H 05, H o3, (3.25)

YELm P 6€I7n s

Besides,
p ' Fp=p"Fyp+0n"?logn), (3.26)

where Fj is defined in (3.1) and
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The “measure” changes as follows:
dpTdpdotdo = det ™ U det ' U* det ™' V det ™! V*dopTdpdotdo
= dotdpdoTde. (3.27)
Eventually, substitution of (3.24)—(3.27) into (3.23) yields

1 . s
n"th(nT2Qy, Q) = —/e%P+F0Pd¢+d¢d0+d0
n

1 1
<% (Ve T 114,
q=p

pt+s=4 a,yELm p r=s
B,0€Lm,s

+ Vhp,s qr%s)%mé H Prq H 5. )

+ O(nfg/2 log®n) (3.28)

uniformly in U and V.
The integration in (3.28) can be performed over ¢;, 6; separately for every j
due to the structure of Fy. Thus it remains to compute the integrals of the form

P s
/ H Dr,q H 05, exp {5093'9; + Aob;d; + 200507 — )\ogbjﬂ;} deidg;do;do;

q=1 r=1

Furthermore, expanding the exponent into series, one can observe that all the
integrals are non-zero only if p = s = 2 and v = §. Moreover,

/d;jé;fezoéjé;-f—)\oéjé;'f'zo(l;jé;—Aoi’jéjdqz;dq;jdé;déj ~ o
/éjq;;ezoéjéﬁ)\oéjéﬁzo&jd?;Aoéjé;dqg;déjdé;déj ~ o,
/6205j9~;+>\09~j<5}+zw~5j<2~5§—A0$j5jdé;déjd§;d§j - 1.

The last thing we need is the values of agﬁ’?& and d(ﬁzo’é?v. The formula (3.24)
implies

2,2
aéﬁ’y)é = (NU)ar(NV*)s5
Similarly,
~(2,2 *
Bagy = (V) (VU)o
Finally,

L3 Q1,Qa) = TN VR NU Q) + (VG0 + o 1)

=1\ /Raa(tr(APVU ) Q2 + tr Q3(APTUVF))
—i—O(n 3/210g n)

The above relation completes the proof of (3.22). O
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Lemma 3.4 is still valid in the general case, despite the proof needs some
insignificant changes due to a non-zero term n_l/Qh(Ql, Q2).

Following the proof in the Gaussian case, one can see that (3.17) transforms
into

o = Ckn/ A’ (R)g(Qu)e I Mo dp(U)dpu(V)dAdQ(L + o(1))
VnQn
1 ~ ~ 2
X exp{—§ tr(2)\0A + z20 2y + Z()Z‘*})Q + tr ZUZ‘*/ — HQ>1 H
1 D* D* D

- 5“[(1 — [r2,01 28) B3 g Ba,o + (1 — |w2,0] 25) Bg 2 Bo,2

— |r2,0 A§Bo,2B2,0 — [r2,0] /\335,05’3,2}

+ R tr[(AVU)Qs + Q3(AUVH)]
where k,, is defined in (3.18). The Gaussian integration over é yields

f = Cleuds (20) ™ [ A2R)a0)dp(V)R(L +0(1)
1 -
X eXp{—§ tr(200A + 202y + 2023)% + tr Zu 2y
+ Mz tr[(A2VT)(A2UV)] |

Notice that A2VU* and A2UV* are mutually inverse matrices. Therefore,

2 - ~ ~

fn = Ckndy (K2,0) "™ exp {QO)\éfm} / A2(A)dp(U)dp(V)dA(L + o(1))
1 A = *\2 *

x exp{—§ tr(200A + 2020 + 2025)% + tr ZUZV}.

2

The last formula differs from (3.19) only by a factor exp {m 5 )\3/14}. Hence,

there are no differences in further proof up to this factor.
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IIpo Kopeasmiiini yHKIIT XapaKTepUCTUIHIX
MOJIIHOMIB BUIIAIKOBUX MATPUIlh 3 HE3AJIEXKHUMU
eJieMeHTaMM: iHTePIIoJIsIlisad Mi>K KOMILJIEKCHUM i

OilicCHMM BUIIagKaMQ

Tevgenii Afanasiev

Y poboTi po3rIgHYTO KOpessrilini MYHKIHI XapaKTePUCTUIHAX TOJIHO-
MiB BHUIIQJIKOBHX MATPHUIb 3 HE3AJIEKHUMU KOMILJIEKCHUME ejleMeHTamu. Mun
JIOCJITAIN Te, STK ACHUMITOTHIHA ITOBEJIHKA KOPEJIiitHIX (DYHKIHN 3aJre-
2KHUTB BiJ] IPYTroro MOMEHTY CIIiJIBHOTO 3aKOHY PO3IOMALITY HMOBIpHOCTEH JjIst
MaTPUYHAX €JIEMEHTIB, IPU IIbOMY JIPYTUii MOMEHT MOYKHA TPAKTYBATH sIK
cBOTrO pofy “mipy aiticaocti” enementis. [lokazano, mo kKopessiiitai GyHKIIT
BeIyTh cebe TaKUM Ke THHOM, K 1 y BUMIAIKyY KOMILIEKCHOTO ancaMoiio 2Ku-
Hi0pa, 3 TOYHICTIO 0 MHOXKHUKA, IO 3aJI€?KUTD JIUIIE BiJl APYTOr0o MOMEHTY
Ta abCOIOTHOIO YEeTBEPTOr0 MOMEHTY CIIJIBHOTO PO3IOJIiIy HMOBIpHOCTEIH
MaTPUYHUAX €JIEMEHTIB.

KimrouoBi coBa: Teopisi BUITAIKOBUX MATpHIlh, ancambab 2Kunnibpa, Ko-
pesnsmiitai GyHKIT XapaKTePUCTUIHAX TOTIHOMIB, MOMEHTH XapaKTEePUCTU-
YHHUX TIOJIIHOMIB, CYIIEpCUMETPis
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