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Existence and Multiplicity of Solutions for a
Class of Fractional Kirchhoff Type Problems
with Variable Exponents
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In this paper, we consider some class of Kirchhoff type problems involving
the fractional operator with variable exponents. By using direct variational
method, we obtain some existence result. Moreover, by combing Mountain
pass theorem with Ekeland’s variational principle, we prove multiplicity re-
sults. The main results of this paper improve and generalize the previous
ones introduced in the literature.
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1. Introduction

Let © be a bounded domain in RY ( N > 2), with smooth boundary 9. In
this paper, we are interested in the existence and multiplicity of solutions for the
following Kirchhoff type problem

M (J () (=A)p g, yul) + u(@)| 1) 2u(x)
=\ (‘/1(Jf)|u|l(r)72u _ VQ(SU)|U(SU)|B($)72U(QC)) in Q, (11)
u=0 on 0L,

where A > 0, 0 < s < 1, p,q,V1,V5,[, 8 and M are functions satisfying some
suitable conditions which will be given later. J(u) is given by

_ Ju(z) — u(y)PY)
J(u) = /QXQ o dz dy. (1.2)

7, y)le — o)

The operator (—A) o(-) is the so called fractional p(x, y)-laplacian which is defined
by

dy, x €9,

u(z) — u(y) @92 (u(z) — u
(—A), ule PV/I | )| *(u(@) — u(y))

z — y|N+sp(@y)
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where P.V. is a commonly used abbreviation in the principal value sense. Note
that this operator is a natural generalization of the well known p(z)-Laplace
operator. These type of operators arise in many different contexts, such as fluids,
nonlinear elasticity theory and image processing (see [1,31,36]). Recently, a great
deal of attention has been focused on studying problems involving p(z)-laplacian
operator, we refer the reader to [4,6,10,19,20,24,28-30,30,34]. Also, many papers
deal with Dirichlet problems of Kirchhoff type, such problems are introduced by
Kirchhoff in [25] as an existence of the classical D’Alembert’s wave equations
for free vibration of elastic strings. Meanwhile, elliptic problems involving the
Kirchhoff type equation involving p(z)-Laplace operator can be found in [5,18,27].

Motivated by the above mentioned works, in this paper, we study the existence
and the multiplicity of solutions for a new class of Kirchhoff type problems.
Precisely, we use a direct variational method in order to prove the existence of
at least one solution. Moreover, mountain pass theorem is combined with the
Ekeland’s variational principle in order to prove the existence of at least two
solution. In order to present the main results of this article, We impose the
following conditions:

(H;) The function M € C(R,[0,00)) is such that there exist 0 < m; < mg and
a > 1 for which

mit® !t < M(t) < mat®™ 1, t €0, 00),

and N
1 <ap(z,z) < el e

(Hz) Vi and V, are nonnegative bounded functions in €2, moreover, there exist

0 <79 < Ry, xg €  with BRO(xo) C 2, and

{Vi(l‘) =0 if z € BRo(xO) \ Bro(l‘o),
Vi(z) >0 if x € Q\ Bg,(z0) \ Br,(z0).

(H3) The functions p and ¢ are such that ¢(z) < p(x, ) for all z € Q, moreover,
we have

(H4) Either

max () < max B(z) <min{ap~,q¢ } < max{ap’,q¢"}
2€ By (z0) € By (20)

—\ a—1
<M <p+) min  I(z)
ma \p 2EMN\ Bry (w0)

N a—1
< (p ) _min __ f(x),

mg \p*+ 2ED By (20)




Existence and Multiplicity of Solutions for a Class of Fractional Kirchhoff 255

or

max  l(z) < max  f(x) <min{ap~,q }
IEQ\BRO (Io) IEQ\BRO (Io)

—\ a—1
<max{apT, ¢} < m <p+> min _[(x)
p

ma x€Byy(x0)
—_\ a1
P (ﬂ) min  y(z).
ma p Z‘EBTO (CEQ)
Remark 1.1. We notice that from hypothesis (H3) and (Hy), we deduce
N
(H) 1 <l(x) < B(z) < ap(z,z) < S <
and

Np(z, x) a

ap(z,z) < q(z) < p*(z) == x € Q,

N —sp(z,z)’
where « is the constant given in the assertion (H).

Since the p(x,y)-Laplacian operator is a new and interesting topic, then,
problems of type (1.1) are rare, we refer the interested reader to [3,7-9,12,22,37].
Note that in [3,26], the authors have studied a similar problem in the whole space
RYN, but the weight functions are in L> N L for some r > 1. While, in [37], the
authors have considered a positive bounded weight function. So, in our paper we
consider a more general class of weight functions V; and Vs, which can be zero in
a nontrivial subset of Q. Also, compared with the paper of Hamdani et al. [22],
we have considered the same operator perturbed by |u(x)|?®)~2u(z), this means
that some complicated analysis has to be carefully carried out in this paper. On
the other hand, in [22], there is no weight function in the source term. Hence,
this paper extend and generalize some papers in the literature.

The main results of this paper are summarized as follows.

Theorem 1.2. Assume that conditions (Hy)—(Hy) are satisfied. Then, for
each A > 0, problem (1.1) has at least one nontrivial weak solution with negative
energy.

Theorem 1.3. If hypothesis (H1)—(Hy) hold. Then, there exists \* > 0 such
that for all A € (0,\*), problem (1.1) has at least two nontrivial weak solutions
with negative energy.

The rest of this paper is organized as follows, in Section 2, we present some
preliminary and important results related to new fractional Sobolev spaces. Sec-
tion 3, is devoted to the proofs of Theorems 1.2 and 1.3.

2. Notation and Background

In this section, we recall some definitions and basic properties of variable
exponent fractional Sobolev spaces. For a deeper treatment on these spaces, we
refer the reader to [14,16,23,30], for more details and properties on these spaces.
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Put
Ci(Q):={h|VzeQ heC(Q)and h(z) > 1},

and let p € C(Q x Q) and ¢ € C(Q) such that

1 <q :=ming(z) < q(z) < ¢" :=maxq(z) < +oo, (2.1)
e €N

1<p := min _p(z,y) <plz,y) <p":= max pz,y) <+oo. (2.2)
(z,y)EQXQ (z,y)EQXQ

Let us define the Lebesgue space with variable exponent as
LI®)(Q) = {u : Q — R | u is measurable and / lu(z)| @) da < oo} ,
Q

which is equipped with the so-called Luxemburg norm

q(z)
|u]q(z) = inf ,u>0]/ dr <15.
Q

Variable exponent Lebesgue spaces are like classical Lebesgue spaces in many
respects: they are Banach spaces, they are reflexive if and only if 1 < ¢~ < ¢™ <
oo. Moreover, the inclusion between Lebesgue spaces is generalized naturally,
that is, if q1,¢2 are such that ¢i(z) < g2(z) for a.a. x € €, then there exists a
continuous embedding L% (Q) < L9 (z)(Q).

For u € L1 (Q) and v € LY@ (Q), the Holder inequality

/ uv dzr
Q

/s 1 1
holds true, where ¢’ is such that @ + 7@ = 1.

The modular on the space L2*)(Q) is the map Py(z) LY@ (Q) — R defined
by

u(z)
I

< (1_ ; ,1_) alyo ol (2.3)
q (¢")

Pata) () = / ju| ") da.
Q

This modular satisfies the following results.
Proposition 2.1 (See [30]). For all u € LI*)(Q), we have
L Julg@) < 1 (respectively, = 1,> 1) < pgz)(u) < 1 (respectively, = 1,> 1).

- +
2. If lulyw) > 1, then we have [uf] < pyy(u) < [ul] .

+ _
3. If|ulg@) <1, then we have |u|g(w) < Py (u) < |U|Z(I).

For 0 < s < 1, we define the fractional Sobolev space with variable exponents
via the Gagliardo approach as follows:

W@ () = {u e L10(Q) |
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_ p(z,y)
It >0 / [uf@) = u(y)| ) dx dy < oo} .
Q

wq tPEY) |z — y|N+splay
Note that W*4@):P(#:9)(Q) is a Banach space endowed with the norm

[ullws.a@) e @) = Ul Lo @) + [Uls pw)

where the variable exponent seminorm [u], (5., is given by

. (@) — uly) e
[U]s,p(r,y) - %gg {/Qxﬂ () |.CC _ y|N+Sp(a:,y) dx dy <153.

Similarly to the discussion of the norm in variable exponent space, we can prove
the following lemma:

Lemma 2.2. The following statements hold true:

Lo If 1< [l p(ay) < 00, then

p~ |u(l‘) - u(y)|p(x,y) pT
[u]s,p(:cvy) < /QXQ |z — y|N+sp(zy) dzdy < [u]s,p(wyy)'

2. If [ulspiay) <1, then

pt Ju(z) — uly) P p
[u]s,p(fc,y) = /QXQ |z — y|N+sp(@y) dzdy < [u]s,p(w,y)'
In the sequel, we denoted by FE := Wg’q(x)’p (x’y)(Q) the subspace of

WS’Q(I)’p(“”’y)(Q) which is the closure of compactly supported functions in €2 with
respect to the norm Hu||W5,q<z),p(z,y)(Q).

For u € W*4@):P(#:9)(Q), we define:

’U(II,’) — u(y)‘p(x’y) /
- dx d (=) g
) /stz |z — y|N+sp(z.y) vy + 0 |u(@)| z,

and u
=i f{ Uy < 1} .
lullp = inf 3 p(3) <
Then, || - ||, is a norm which is equivalent to the norm || - ||W5,q<z>,p(z,y)(9).
Moreover, (Ws’q(‘”)’p(x’y) (Q), |- ll,) is a uniformly convex reflexive Banach
space.

Theorem 2.3 (See [16]). Assume that the functions q(x) and p(z,y) are
continuous such that for all (z,y) € Q x Q, we have

sp(z,y) <N and q(x) > p(z,z). (2.4)
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Let B € C(Q) and, for all x € Q, we have
Np(z,z) *

_— = . 2.5

N — sp(z, x) P() (25)

If (2.1) and (2.2) are satisfied, then there exists C = C(N,s,p,q,3,Q2) > 0 such
that for every f € Wsﬁ‘I(fC)»P(xay)(Q))

1< B” <B(z)<

1f s < Clifllwsa@ wew @)-

Thus, for any € (1,p*), the space W@ 2@¥)(Q) is continuously embedded in
LP@)(Q). Moreover, this embedding is compact.

Proposition 2.4 (See [15]). Let g1 be a measurable function in L*°(Q), and
g2 be a measurable function such that 1 < q(z)qa(z) < 00, for a.e. x € Q. Ifu
is a nontrivial function in L®@)(Q), then

min \u|qir |u|q; <‘|u|q1+‘ < max \u|q;r |u|q;
a1(z)g2(z) ' aqi(z)g2(z) | — q(x) — a1(z)g2(z)’ ' aqi(z)g2(w) | -

In addition, note that the above properties remain true if we replace the space
Wea@)p(@v) () by WS,Q(w),p(w)(Q)_

3. Proofs of the main results

In order to formulate the variational approach of problem (1.1), let us recall
the definition of weak solutions.

Definition 3.1. We say that u € E := Wg’q(m)’p(x’y)(Q) is a weak solution of
problem (1.1) if

Moy [ - w2 () — uly) (o) ~ o),

QxQ |z — y|N+sp(@.y)
+/ ()9 20 (z)v(x)da
Q
- )\/ (Vl(x)\u|l(x)*2 — Vg(a;)\u(a:)\ﬁ(x)ﬁ) u(z)v(xz)de =0, vekFE.
Q

Firstly, let us denote by

P(u) = A(p1(u) — da2(u)),
Vi), ) Va(z)
w)= [ —|u/""dxr and ¢o(u)=
)= [ gy 2= J B
The Euler-Lagrange functional corresponding to problem (1.1), is defined by 4, :
Ey — R, where

ul?@) dg.

— |u|q(z)

dx, u € Ep,

where M (t) = fg M (s)ds. In the rest of this article, we need the following lemma.
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Lemma 3.2. If hypothesis (Hs) and (Hy) are fulfilled, then we have
I(z) < B(x) < p*(x), xe€Q.
So, we deduce that the embeddings
Wg,q(ﬂc),p(ay)(m N Ll(f")(Q) and qu(ﬂc),p(%y)(m N Lﬂ(gc)(ﬂ)7

are compact and continuous.

Remark 3.3. From Lemma 3.2, for any u € E, we have

1 o
1 —Viloolulyyy if |uliz) <1
61(0)] < —Vileollul @) < { ! )

i

1 + .
F‘V1|00|u’§(as) if Julyz) > 1
and

1 =
. = Veloolulgey if Juls) <1
[P2(u)] < ai"/é’m’|u|ﬂ(x)\1 <931 " .
BT|V2|w|U|5(x) if [ulg) > 1

Moreover, for all u € E, we get

[uliey < cllulle and  |ulge) < erllull e (3.1)

Similarly, using assumption (H;), we have

— m wlz) — uly)|PEy) @
W) < ™2 (/Mp(‘ ) = uly) )dxdy>

a @, y)|w — y[Nrepy

2 o™ it <1
ap,IIUHE if Jlullg <1,

IN

ma ap™ if

— > 1.
il

Therefore, using Proposition 2.4, we deduce that 1) is well defined on FE.

3.1. Proof of Theorem 1.2. In this subsection, using direct variational
method, we will present the proof of Theorem 1.2. First let as recall from [8] the
following important result.

Proposition 3.4. The energy functional J : E — R given by (1.2) is se-
quentially weakly lower semi-continuous and of class C*. Moreover, the mapping
J': E — E* is a strictly monotone bounded homeomorphism and is of type (Sy),
that is, if u, — u and limsup J' (up)(u, —u) <0, then u, — u € E.

n—oo
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We note that from Proposition 3.4 and assumption (H;), we can prove that

J and M o J are in C1(E,R). Moreover, using assumption (Hs;) and Proposition
2 in [10], we see that ¢1,¢2 € CY(E,R). Thus, ¥, € C'(E,R), and we can
demonstrate that for all u,v € E, we have

(dipa(u), v) = M (J(u))

lu(z) — u(y) @92 (u(z) — u(y)) (v(z) — v(y))
) /ng |z — y|N+sp(y) dx dy

- /Q (V@) @=2 = Va(@)u(@)**)72) u(w)o(z) da
w(z) 9@ 2y (2)v(z) de.
" /Q ()12 () ) d

In order to present other properties for the functional 1y, let us introduce some
notations and elementary inequalities. From (Hy), we know that

max [(z) < max B(z) <min{ap~,q¢ } < max{apt, ¢},

x€Bry(20) € By (z0)
and
m —\ a1 m —\ a—1
max{ap®, ¢t} < — <p+> min _ I(z) < — <p+> min  f(z).
ma p xGQ\BRO (1’0) ma b .Z‘EQ\BRO (IU)

We denote by I3 and lz, the restriction of the function [ to By,(x¢) and
Q\ Bg, (o), respectively. Also, we introduce the notations

Iy := max I(z), l; ;= min_ [(x),
x€Bry(z0) € By (z0)

lp:= max I(x), ly:= min  [(x).
wEQ\BRO(:EQ) IGQ\BRO(I())

From conditions (Hs) and (Hy), we get for each z € Q

1<l <l <min{ap™, ¢~} < max{ap™,¢*}

my (p~\*" my (p~\*
< — = I, < — | — Iy < p*(z).
ma <p+) 2 my <p+> 2 <p'()

So E is continuously embedded either in in(Q) and in L4(Q), for i = 1,2.
Therefore, there exists ¢g > 0 such that

max (/ |u]lida:,/ ]u\lidx> < c¢llullg, weE,i=12. (3.2)
Q Q

From (3.2), there exists ¢; > 0 such that

/ \u|ll(az)dm < / |u]zld:1: +/ |u\l1 dx
By (x0) By (z0) Brg (z0)
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S/ ]u\lldx—i-/ lullt dx
Q Q

1 l
<er(llulf +ul), weE (3.3)

and

/ u|®? (z)da g/ |uyl2dx+/ ulb dz
O\Bhgy, (o) O\Br, (z0) Q\Bp, (z0)

g/ ]u\lgdaﬂ-/ lult2 dz
Q Q

1 l
<o (lul + ), weE. (3.4)

Lemma 3.5. If hypothesis (Hy), (Hs), and (Hy) are fulfilled, then the func-
tional )y, is coercive on E.

Proof. Let (H;), (Hs), and (H4) be fulfilled. Then, using Proposition 2.4 for
u € E with ||ul|g > 1, we have
a(u) = M (J(u)) / *) d + A/ (), 156 gy +/ jul*
A = -
Q B(x) o 4(z)

(@),
mi u(z) — u(y)[Pe) " / Vi(2), i)
P dedy| — )| —Lu|'®q
“ </ng p(@,y)|z —y[Nrepley) o 1)

()
AC - mi apt - -
== Wilseluli > 2 S llulli = ACo|Vilooet [lull" -

= WHUHE

Since I~ < ap™ we infer that ¢)(u) — oo as ||u||g — oo, in other words, vy is
coercive on F O

The following result asserts the existence of a valley for 1) near the origin.

Lemma 3.6. Assume that conditions (Hi)—(Hy4) are satisfied. Then there
exists ug € E such that ug > 0 and 1y (tug) < 0 for t > 0 small enough.

Proof. Let ug € C§°(Q2, (0,00)). Then, there exist z; € Q\ Br,(x¢) and € >
0 such that for any z € Be(x1) C (\ Bg,(z0)) N supp(up), since I, < B <
min{ap—, ¢}, we have

V1

1/))\ (tuo) M tuo (x) dx

|tuo ()] 9)

< %(to) —)\/Q‘?(g) [tuo () ") da

q
+)\/V2 ()P @ dg +/ |tug ()| ") da

@)
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My o () — g (y)[P@) *
< o / ded
a(p_)a ( QAxQ |.’IJ _ y|N+SP(9372J) Yy

— Atk / ") o ()| dx
Q\BR[)(

z0) l(l‘)
4
+ M / M]uo(x)\ﬁ(x) dr + — / |uo()|9®) da
By (o) B(@) g Jo
ap™ apt ap™ the l(z)
< ¢ max{l|uol|*”", uol|* } = A4~ Vi(@)luo ()" da
L2 Q\BRO(l‘o)

tr1+ ﬁ(:l:) tq7 - q+
+A/ Va(@)lug ()" dx + — max{][uo[|? . [luoll% }

rl BTQ(:EO) q
l tﬂ;r_b ap™ ap” q qt

<t 5 [es max{{Juol|*"", [[uollg” } + camax{|luoll , luollg }
1
o[ @) daz})
BT()(:EO)
— th A/ Vi(@)|uo(z)'® da | <0, < min{1,0d},
ly Jo\Bp, (o)
where
1
1 Bl Iy
=5 Vi(@)luo@da) |
1 N\ Br, (z0)

+ - + -
01 =1y <03 max(|[uollz” , [uoll” ) + camax(|luoll , fJuolly )

+A Vg(ac)\uo|’8(“’)da:>
Brq (%0)

Finally, if A € (0,\*) and hypothesis (H;)-(H4) are satisfied, then, the func-
tional ) is coercive on E and weakly lower semi-continuous. So, there exists
a global minimizer u. Since 1y is of class C!, then, u is a critical point of ).
Therefore, u is a weak solution of problem (1.1). Moreover, Lemma 3.6 ensures
that w is non-trivial. O

3.2. Proof of Theorem 1.3. In this subsection, we establish the exis-
tence of multiple solutions to problem (1.1). The proof is related to Ekeland’s

variational principle combined with mountain pass theorem. So we assume that
hypothesis (H;)—(Hy) are satisfied.

Lemma 3.7. The functional ¥y satisfies the Palais—Smale condition in E.

Proof. Let {u,} be a sequence in E such that

Ua(up) = ¢ and  dyy(u,) — O0p= asn — oo, (3.5)
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where E* is the dual space of E.

We will prove that {u,} is bounded in E. By contradiction, up to a subse-
quence, we assume that ||u, ||z — 0o as n — oo. From (Hy), (3.5) and Proposition
2.1, we have for n large enough

L4 e+ [lunlle > ¥ (un) — i - (1))

— M (J /Vl e

q

+>\/ D) (@) o +/ el
q
)

[un (@) — un(y )’p(m’y / )
+ M (t, / y—— Unp ‘”; dx
(fn) ngp(%y)\ﬂﬁ—ywﬂp(wy fin(2)

A A
+ 2 | Vi@ () de - 2 / Vz(:v)!un(xﬂﬁ(x) dx
2 2 Q

]uo(x) — uo(y)|P(ff:y) /
= dxd ()4 g
_65/Qx9 |z — y|N+sp(z.y) T dy + co Q‘U ()| x

e[ g @ [ S @P
Bry(wo) (@) By (o) 11(2)

- l ] - +
> csllunl$ — Co (Ilunllis + llunlly) +Cr (llunlly + uall})

- l 1 - +
> cslfunl 3 = Co (Ilunllis + llunls) +Cr (llunlly + unll)

Since 1 < max (21,5+) < p~, then, by dividing the above inequality by ||un||%_,
and by passing to the limit as n — oo, we obtain a contradiction. It follows that
{uyn} is bounded in E. Therefore, up to a subsequence, there is u € E such that
{un} converges weakly to v in E. Moreover, {||u, — u||g} is bounded, so using
Hoélder inequality, we have

Vi@l 2 = ) < [Vl oy e =l
So from (Hj), and the Sobolev embedding, we obtain

lim [ Vi(@)|un] @ 2w, (u — u,)dz = 0. (3.6)

n—oo 0

Similar arguments show that

lim [ Va(a)|un]*® 2w, (u — uy,)dz = 0, (3.7)
n—oo Q
and
lim / |t |7 20, (u — wy)dz = 0. (3.8)
n—oo QO

By combining (3.5)—(3.6) and (3.7) with the boundness of {u,, —u} in E, we get
diy(un) — Op= as n — oo, it follows that {u,} converges strongly to u in E. [
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The following property shows the existence of a mountain pass geometry for
1 near the origin.

Lemma 3.8. Suppose that the hypotheses of Theorem 1.2 are fulfilled, then
there exist \* > 0, p > 0 and a > 0 such that for any A € (0, \*), if u € E with
lulls = p, then ¥x(u) > a > 0.

Proof. Since the embedding E — L'*)(Q) is continuous, we have
lul; < ei||ullg, weE. (3.9)
We fix p € (0,1) with p < é Then, (3.9) implies that
luli(x) <1 for all u € E with ||ul|g = p.

Moreover, from hypothesis (H;), we have ]\//_T(t) > T2 for all t € [0,+400).
Consequently, from Proposition 2.1, Equations (3.3), (3.4), (3.9) and using Hélder
inequality for all u € E with |lul|g < 1, we obtain

¥a(w) = M (J(w)) A/Q i “/Q B(x)

> % (J(u)® — )\/ Vll(””) |ul!®) do — A/ ‘?(m) u['®) da
Bry(z0) L(T) O\ B (z0) ()

mi +  AC i L i L
ol = G Vileo (Il + s, + g + el 2)

mi + ey 1 li—ap +
> |l = S Wik (" + ull ™) |

mq + )\Cl 1 + l +
+ gl = 32 Wil (=" + ™) |l

|u|7(®)

2apt
Let g : [0,1] — R, be a function defined by

9(t) = oo = Vi (707" — ghmert),

2apt I~

It is not difficult to prove the existence of p € (0, 1) satisfying g(p) > 0.

Put l
* . mit . g +_7
A =minq1l, ————— min(p® ~4, p* 1 } > 0,
{ dapter|Viloo (p P )

Then, for any A € (0,\*), and any u € F, with ||u|]|g = p we have

mi )\Cl

+ T —opt \ | +
O N (e |

mi )\Cl
bl
ma )\Cl
[2ap+
mo
~ dap*t o

+

T Vil (" o oo )] P

lﬂk(laﬁ+ﬂfwj P+ 9(p)p™"

=a > 0. O
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Now, we complete the proof of Theorem 1.3. Using Lemma 3.8, for all u €
E, with ||ul|g = p we have ¥y (u) > a > 0. Moreover, using Ekeland’s variational
principle, there exists e € F with ||e|]|g > p, and ¥y (u) < 0. Put

[':={yeC([0,1], E) [ 7(0) = 0, v(1) = e},

and define
¢ := inf max t)).
¢ ;er te[g,l} »O®)

Since ||e||g > p, then, every v € I" intercept {u € E | ||u||g = p}, so we have

c¢:= inf ) (u) >a>0.
lullz=p
The mountain pass theorem (See [2]) implies the existence of a function u; € F as
a non-trivial critical point of the functional ¥y with ¢ (u1) = ¢ > 0. Therefore,
we obtain the first nontrivial solution for the problem (1.1). On the other hand,
from Lemma 3.8, we have

—oo < c¢:= inf ¥y (u) <0 and inf u) > 0.
int i () it s (1)

Moreover, there exists ug € F, such that 1) (tug) < 0 for all ¢ > 0 small enough.
By using Lemma 3.7, we deduce that there exists a sequence {u,} C B,(0)
such that as n tends to infinity, we have

Ua(un) = c:= inf ¥y (u) <0 and diy(u,) — Op=. (3.10)
B,(0)

From Lemma 3.7, the sequence {u,} converges strongly to some ug € E. Since
¥\ € C1(E,R), then, (3.10) implies that 1 (u2) = ¢ and dipy(ug) = 0. Thus, us
is a nontrivial solution of problem (1.1). Finally, since

Ya(u1) =¢>c> 0> c=1y(ug),

then we deduce that u; and ug are distinct and nontrivial. The proof of Theorem
1.3 is now completed.
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IcuyBaHHSsST TA MHOXKMHHICTh PO3B’A3KiB JJIsI IIEBHOTO
KJjacy mpobisiem tuny Kipxroda, gki mictaTb apoboBuii
orepaTrop 3i 3MiHHUMHU ITOKa3HUKAMMU

M. Ben Mohamed Salah, A. Ghanmi, and K. Kefi

VY miit poboTi Mu posrisgaemMo meBHUit kKiaac mpobdsem tury Kipxroda,
JKi MiCTITH JpoOOBUi OmepaTop 3i 3MIHHUMHU MOKA3HUKAMU. BUKOPUCTOBY-
IOYY TPSAMUN BapialiitHuit MeTO/T, MU OJIEPKYEMO PE3YIbTATH ITPO ICHYBAHHS
posB’s3kiB. Kpim Toro, kombinyoun TeopeMy Ipo ripcbKwmii mepeBaJl i Bapia-
midHME npuHonn Exinanaa, My Z0BOAMMO MHOXKMHHICTD pO3B’s3KiB. OCHOBHI
pe3ynbTaT i€l poOOTH MOCUTIOITD 1 y3araJbHIOIOTH MOMEPE/IHI Pe3yIbTaTH
y i raJysi.

Kurouosi ciioBa: npo6osuii p(x)-saiuiaciad, Bapiaiiiini Mmeroqu, y3araib-
ueni mpoctpu CoboJsieBa
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